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PREFACE

These lecture notes are for the University of Cambridge Part III course Stochastic Calculus, given
Lent 2016. The contents are very closely based on a set of lecture notes for this course due to

Christina Goldschmidt. Please notify jpmiller@statslab.cam.ac.uk for corrections.

1. INTRODUCTION

1.1. Overview. In ordinary calculus, one learns how to integrate, differentiate, and solve ordinary
differential equations. In this course, we will develop the theory for the stochastic analogs of these

constructions: the Ito integral, the Ito derivative, and stochastic differential equations (SDEs).

1.2. Motivating example. Fix ¢ > 0. Suppose that:

e S; is the value of an asset at time ¢t > 0
e X/ is the total amount of the asset held at time ¢t > 0
e V¢ is the total value of the portfolio, assuming always invested in the asset at time ¢ > 0

Assume that Xi only changes every e > 0 units of time. That is, X|j (r+1)q 15 constant for each
ke {0,1,...}.

Then we have that

[te]

VE=VE = Xi(Spsye — Ske)-

k=0
1
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Assume for the moment that S; is a smooth function of ¢t. By Taylor’s formula, we have that
S(k+1)e = Ske + €5}, + o(€) as € — 0. Therefore

Lt/€]

(11) VE= V5 =) Xic-eSie+ o(1).
k=0

Assume that X¢ — X as € — 0. Then (|1.1)) converges to

t t
Vi— Vo :/ Xus;du:/ X,dS,.
0 0

Remark 1.1. This construction does not require that S is smooth, only that it has finite variation
(we will review this precisely later) and fg X,dSy is a Lebesgue-Stieljes integral.

Goal: Make sense of the same type of integral when S is a random process, with the main example
being S = B where B is a standard Brownian motion.

Recall from Advanced probability that B does not have smooth sample paths, so it is not possible
to construct fg XudB, as above. (In fact, B is only a-Holder continuous for each a € (0,1/2):
|Bs — By| < Cls —t|*.)

As we will see later in the course, the reason that the approximations to the integral f(f X.dB, do
converge even though B is not smooth (or of finite variation) is due to cancellation. In particular,
assuming that X°€ is deterministic, we have that

Lt/e] 2
E || > Xi(Buu)e — Bre)
|\ k=0
[1t/€] ) [t/€]
=E | ) (Xt)? (Brs1)e — Bre)” + Y XjeXue(Bis1ye — Bre) (B(jt1)e — Bie)
| k=0 2k
[t/e] t
—Z(XEE)Q-E%/ X2ds as €—0.
k=0 0

So, even though B is not smooth, the approximations to the integral do not blow up. We will
construct fg X,dB,, more carefully later in the course.

The tools developed in this course will lead us to:

(I) A general theory of stochastic integration

(IT) Study the properties of Brownian motion and continuous time martingales
(III) Stochastic differential equations
(IV) Convergence of discrete processes to solutions of SDEs

We will also see that Brownian motion is closely related to PDEs involving A. More generally, SDEs
are closely related to PDEs involving second order elliptic operators.

Remark 1.2. The motivating example was about finance. Stochastic calculus, however, is a very
important tool in many other areas of probability.
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2. PRELIMINARIES

2.1. Finite variation integrals. Recall that a function a: [0,00) — R is said to be cddldg if it is
right-continuous and has left hand limits. In other words, for all 2 € (0,00) we have both

lim a(y) exists and lim a(y) = a(z).
y—z~ y—xot

Assume that a is non-decreasing and cadlag with a(0) = 0. Then there exists a unique Borel measure
da on [0,00) such that for all s < ¢, we have that da((s,?]) =t — s. The Lebesgue-Stieljes integral
f - a is defined as

(2.1) fﬂ@zéf@w®-

If a is the difference of two non-decreasing functions ai, ag, then the definition (2.1 extends by
setting

fra(t)=f-a1(t) = f-ax(t)
provided both terms on the right hand side are finite.

We will now characterize when a function a can be written as the difference of two non-decreasing
functions.

For each n € N and ¢t > 0, we let

[2n4]—1

Vi) = > Ja((k+1)27") —a(k27M)].

k=0

Proposition 2.1. The function V" has a limit V as n — oco. Moreover, a can be expressed as the
difference of two non-decreasing functions if and only if V(t) < oo for all t > 0.

V (t) is the total variation of a on (0,t]. If V() < oo, then a is said to have finite variation on (0, t].

Proof of Proposition[2:1. Let t;7 =27"[2"t] and ¢, = 27"([2"¢| — 1). Then we have that

2nt —1
(2.2) Vi) = Y Ja((k+1)27") — a(k27M)| + |a(th) — alt,)].
k=0
By the triangle inequatilty, the first summand in the definition of V"(¢) is non-decreasing in n.
Consequently, it has a limit as n — co. By the cadlag property, the second summand converges to

la(t) — a(t™)| = |Aa(t)| as n — oco. Therefore V™(t) has a limit V(¢) as n — co. Moreover, it is not
difficult to see that V' is both non-decreasing and cadlag.

Let
L1 1
a :§(V+a) and a :§(V—a).

Then a*,a™ are cadlag as V,a are cadlag and a = a™ — a~. We will now argue that a™,a™ are
non-decreasing. We will just give the prove in the case of a™ as the argument in the case of a™ is
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analogous. Fix s < t. Then we have that
a*(t) —a*(s)

= lim — (V"(t) — V"(s) + a(t) — a(s))

1
n—oo 2

2"t, —1
= lim 1< 3 <|a((l<: +1)277) — a(k2™)| + (al(k + 1)27") — a(k2‘”))>

k=2ngt
T lalth) — alt)] + (a(tf) — a(tn») >0,

Thus if V() < oo, then a can be written as a difference of non-decreasing functions. The reverse
implication is obvious. ]

Suppose that (Q, F, (Ft)t>0,P) is a filtered probability space. A cddldg adapted process X is a map
X:Q x[0,00) — R such that:

(1) Xt = X(-,t) is Fy-measurable for all £ > 0
(2) X(w,+): [0,00) = R is cadlag for all w € Q
If A is a cadlag, adapted process then we can define its total variation process V for each fixed w.
In this case, V is cadlag and non-decreasing. It is also adapted. Indeed, if we let
N 2, —1
V= S Mg — Agpnl, where t; =27([274] — 1)
k=0
then N
Vi = lim V" + |AA(t)]
n—0o0
is Fi-measuarble as it is a limit of F;-measurable functions.

We can define the stochastic integral against a process of finite variation by

(H - A)(w, ) = /0 H(w, 5)dA(w, ).

This integral is defined for each w. For our later purposes, we will want H - A to be both cadldg and
adapted. This constrains the possibilities for h.

2.2. Previsible processes.

Definition 2.2. The previsible o-algebra P on 2 x [0,00) is the o-algebra generated by sets of the
form A x (s,t] for A € Fs and s < t. A process H: Q x [0,00) — R is called previsible if it is
P-measurable.

Proposition 2.3. Let X be a cddldg, adapted process. Then Hy = X;— = lim,_,;— X is a previsible
process.

Proof. Since X is cadladg and adapted, we have that H: Q x [0,00) — R is left-continuous and
adapted. Set ¢, = k27" for 27"k <t < (k+ 1)27" and let

HP =H,_ =) Hp-al(te (k27" (k+1)27").
k=0
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As Hp9-n is Fjo-n-measurable, it follows that H" is previsible.

Since ¢, Tt as n — oo, it follows that H;* — H; as n — oo by left-continuity. Therefore, H is
previsible. [l

Proposition 2.4. Suppose that H is a previsible process. Then H; is Fy—-measurable for allt > 0
where Fy- = o(Fs: s < t).
Proof. See Example Sheet 1. O

Note that Brownian motion is previsible as it is a continuous process. On the other hand, a Poisson
process (Ny) is not previsible since IV; is not F;--measurable.

Proposition 2.5. Let A be a cddldg, adapted, finite variation process with associated total variation
process V. Let H be a previsible process such that for all t > 0, w € Q, we have that

¢
/ |H(w, s)|dV (w, s) < 0.
0
Then the process (H - A)y = fg H dAs is cdadldg, adapted, and of finite variation.

Proof. Step 1: cadldg. Note that 14 — 1oy as s | ¢ and 14 — L4 as s T ¢. Recall that
(H-A) = [ Hs1(s € (0,t])dAs. By the dominated convergence theorem (with w fixed), we have
that

(H-A),= [ Hs lim 1(s € (0,r])dAs

r—t+

= lim [ Hs1(s € (0,7])dAs

r—tt

= lim (H - A),.

r—tt

Therefore H - A is right-continuous. A similar argument implies that A has left-hand limits.

Moreover, we have that

A(H . A)t = /HSI(S = t)dAs = HtAAt.

Step 2: adapted. Suppose that H = 1p, (s, where B € F5 and u > s. Then we have that
(H-A)e =15 (Atnu — Atrs) ,
which is F;-measurable. Let
A={CeP:1¢c-A isadapted to (F)}

and let
II={B X (s,u]: Be Fs, s<u}.
Then II is a m-system and IT C A. We have shown so far that II C A.

It is easy to see that A is a d-system, so by Dynkin’s lemma we have that P = o(II) C A C P.
Therefroe A = P.
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Suppose that H > 0 is previsible. Set
H"=(27"[2"H]|)An
2"n—1
= Y 27"KL(H € 27"k,27"(k + 1)) + nl(H > n).
k=1
Thus (H™ - A); is F-measurable for all t. By the monotone convergence theorem, we have that

(H"-A)y — (H - A); as n — oco. Therefore (H - A); is Fi-measurable. Extending in the usual way
to the case of general H is straightforward, and therefore H - A is adapted.

Step 3: finite variation. Let H = max(H,0), H~ = max(—H,0), AT = L(V + A), A= = L(V — A)
sothat H=H" — H~ and A= A" — A~. Then we have that
H-A=H"-H)- (AtT—-A")=(H"-A"+H -A")—(H -At+H" A7)

is a difference of non-decreasing processes, hence of finite variation. O

2.3. Local martingales. Suppose that (Q, F, (F;),P) is a filtered probability space and that (F;)
satisfies the usual conditions. In other words,

e J{ contains all P-null sets.
e (F;) is right-continuous: for all ¢ > 0, Fy; = Fy+ := Nyt Fs.

Recall that an integrable, adapted process X; is called a martingale if E[X;|F;s] = X, for all
s < t. Similarly, X; is called a submartingale (resp. supermartingale) if E[X; | Fs] > X, (resp.
E[X: | Fs] < X;) for all s <.

A map T: Q — [0,00] is called a stopping time if {T' < t} € F; for all t > 0. If X is cadlag and
adapted and T is a finite stopping time, then X7 is Fpr-measurable where

Fr={AeF: An{T <t}eF Vt>0}
Theorem 2.6 (Optional stopping, OST). Let X be a cddldg, adapted process. TFAE:

(a) X is a martingale.

(b) XtT = Xyar @8 a martingale for all stopping times T'.

(c) For all stopping times S, T with T bounded, E[Xr | Fs] = Xsar-
(d) E[X7] = E[Xo] for all bounded stopping times T

Definition 2.7. A cddldg, adapted process X is called a local martingale if there exists a sequence
(Ty,) of stopping times such that Ty, T oo as n — oo and X' is a martingale for every n. In this
case, we say that (T,,) reduces X.

Remark 2.8. Every martingale is a local martingale by the [OST]

We will now give an important example which will be important to keep in mind. Let B be a
standard Brownian motion in R3. Let M; = 1/|B;|. Recall from Example Sheet 3, Exercise 7.7 of
Advanced Probability that:

o (My)¢>1 is bounded in L?. That is, supy>; E[M?] < oc.
o E[M;] - 0 as t — oc.
e )M is a supermartingale.



STOCHASTIC CALCULUS 7

For each n, let T, = inf{t > 1:1/|B¢| < 1/n]} = inf{t > 1 : |M;| > n}. We will now argue that
(MtT")tzl is a martingale for all n and T}, T co a.s. That is, (M;)¢>1 is a local martingale.
We begin by noting that if n < Mj(w) then T, (w) = 1 and if n > Mj(w) then T, (w) > 1. Moreover,

since |B¢| cannot hit 1/(n + 1) without first having hit 1/n, it follows that 7}, (w) is non-decreasing
in n.

Recall from Advanced Probability that if f € C? with bounded, continuous derivatives, then
1 t
£(B) ~ £(B0) 5 [ AfBIds, 120,
0

is a martingale. Noting that f(z) = 1/|z| is harmonic in R? for z # 0, we therefore see that (M™);>1
is a martingale. To finish showing that (M;):>1 is a local martingale, we need to show that T}, 1 oo
as n — 0o. To see this, for each R > 0 we let Sp =inf{t > 1: |B;| > R} =inf{t > 1: M; < 1/R}.
By the [OST] we have that

E[Mr,rs5] = E[M;] := p € (0, 00).
We can also rewrite the left hand side as

nP(T, < S + %p{sR <7

Using that P[Sr < T,] =1 —P[T,, < Sg], we can solve for P[T;, < Sg] in the above to get that
uw—1/R N
n—1/R n
Let B = infy>; | Bt|. Then it follows that P[B < 1/n] < u/n. Therefore T;, — oo a.s. as n — o0.

P[T,, < Sg| = as R — oo.

Since E[M;] — 0 as t — oo, it follows that (M;)¢>; is not a martingale.

In summary, (M;)s>1 is:

e a local martingale but not a martingale,
e a supermartinagle, and
e L? bounded.

We need a stronger condition than L?-boundedness for a local martingale to be a martingale, which
we will come back to later.

Recall that a set X of random variables is said to be uniformly integrable (UI) if

sup E[| X|1(|X]| > N)] =0 as X\ — oc.
XeXx

Lemma 2.9. If X € L'(Q, F,P), then the set
X ={E[X|G]|:GCF isao-algebra}
is UL

Proof. See Example Sheet 1. O
Proposition 2.10. TFAE:

(a) X is a martingale
(b) X is a local martingale and, for allt > 0, the set
Xy ={Xr : T is a stopping time with T < t}
s UL



8 JASON MILLER

Proof. Suppose that @ holds. By the if T is a stopping time with 7" < ¢, then we have that
X = E[X; | Fr]. Lemma[2.9] then implies that X; is UL

Suppose that (]ED holds and let (T;,) be a reducing sequence for X. Then, for all bounded stopping
times T' < ¢,

E[Xo] = E[X("] = E[X7"] = E[X7m,].
As {Xpar, :m >0} is ULy and Xy, — X7 as n — oo, it follows that E[Xpa7, ] — E[X7]. That
is, E[Xo] = E[X7]. Therefore X is a martingale by the O

Remark 2.11. (i) Every bounded, local martingale is a martingale.
(ii) If there exists Z € L' such that | X¢| < Z for all t, then X is a martingale

Proposition 2.12. Suppose that X is a local martingale such that Xy > 0 for allt. Then X is a
supermartingale.

Proof. Let (T),) be a reducing sequence. Then, for all s < ¢ and for all n € N, we have that
Xsat, = E[X¢am, | Fs]. Therefore,

X, = lilginf Xspt, = lirginfE[Xt/\Tn | Fs] > E[lirginf Xinr, | Fs) = E[ Xy | Fs)-

g

Proposition 2.13. Let M be a continuous, local martingale with My = 0. Set S, = inf{t > 0 :
|M;| = n}. Then S, is a stopping time for alln € N, S, 1 0o as n — 0o, and M5 is a martingale
for all n. That is, (Sy) reduces M.

Proof. Note that

{Sn<ty= ) UM >n—-1/k} € Fo.

keNseQ
s<t

Therefore Sy, is a stopping time. By the continuity of M, we have that sup,<, |M,(w)| < oo for all
t >0 and w € Q. Whenever n > sup,<; |Ms(w)| we have that S,,(w) > ¢, hence S, T oo a.s.

By assumption, we know that there exists a sequence of stopping times (7)) with T} 1 oo such that
M7k is a martingale for every k. By the we have that M7k"\5» is also a martingale. Therefore
M*» is a local martingale. Since M*°" is also bounded, it is in fact a martingale. That is, (S,)
reduces M. O

Theorem 2.14. Let M be a continuous, local martingale of finite variation. Suppose that My = 0.
Then M =0 a.s.

Proof. Let V' denote the total variation process associated with M. Then V is continuous and
adapted with Vy = 0. Let S,, = inf{t > 0 : V; = n}. Then S, is a stopping time for all n and
S, 1 00 as n — oo. It suffices to show that M = 0 a.s. for all n € N. By the M5 is a
local martingale. Moreover, [M"| < [V;°| < n. Thus M*" is bounded, hence it is a martingale.
Therefore, for the rest of the proof, we may assume without loss of generality that M is a bounded
martingale of bounded variation.

Fix t > 0 and let t;, = tk/N. Using that M is a bounded martingale, we have that
E[(Mtk+1 - Mtk)Q] = E[M2 ] - E[Mtzk]

tk+1
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Thus,
N—1
E[M{] =E Z (M, — Mtk)2]
k=0
N-1
<E <in<a]§ [ My — Mtk|> kzo | My, — Mtk’] )

Both factors inside of the expectation are bounded by V; hence by n. Since M is continuous, we
moreover have that maxy«y [My, , — Mz, | — 0 as N — oo. Combining, the bounded convergence
theorem implies that

E

N-1
(gﬂMM—MJEJMM—MJ%OaSN%m
k=0

Therefore E[M?] = 0 which implies that M; = 0 a.s. As M is continuous, we conclude that M = 0
a.s. O

Remark 2.15. (i) Brownian motion is not of finite variation.
(ii) The theorem implies that the theory of finite variation integrals cannot be used to define the
integral against a continuous local martingale.

Definition 2.16. A cddldg, adapted process X is called a semimartingale if it can be written in the
form

X=X+ M+A

where M is a local martingale with My = 0 and A is a process of finite variation starting from 0.
This is the Doob-Meyer decomposition of X.

3. THE STOCHASTIC INTEGRAL

We are now going to construct the stochastic integral with respect to a continuous semimartingale
X. Some of the theory that we will develop will also apply to cadlag semimartingales, however
parts of the theory will depend on the assumption that X is continuous.

Throughout, our integrals will be over the interval (0,¢] and will take the value 0 at 0.

3.1. Simple integrands.
Definition 3.1. A simple process is a map H: Q x (0,00) — R of the form

n—1
H(w7 t) = Z Zk(w)l(tk,thrl](t)
k=0
wheren € N, 0 =tg < --- <1, < 00, and Zj, is bounded and Fy, -measurable for all k.

We will denote the set of simple processes by S. Note that S is a vector space and that any simple
process is previsible. Recall that we say that a process X is L?-bounded if

sup || X¢|| 2 < oc.
>0
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Let M? be the set of cadlag, L?>-bounded martingales. If X € M?, then the L? martingale
convergence theorem says that there exists Xoo € L? such that X; — X in L? as t — oco. Moreover,
Xt = E[X | F¢]. We also recall Doob’s inequality: if X* = sup;~q |[X¢|, then || X*||p2 < 2[| X0l 2.
For H = ZZ;& Zl(t 40 €S and M € M2, we set

n—1

(H ’ M)t = Z Zk(Mthrl/\t - Mtk/\t)'
k=0

This is a continuous-time version of the so-called martingale transform.
Proposition 3.2. Let H € S and M € M?. Let T be a stopping time. Then
(o) H-(M") = (H - M)"

(b) H-M € M?
(¢) E[(H - M)3] = Y320 EIZR (Myy.., — My)?] < || H | ZE[(Moo — Mo)?].

Proof. We have that

This proves @
For ty, < s <t <tpy1, we have that (H - M)y — (H - M)s = Zy(My — M), so that
E[(H -M);— (H-M)s|Fs] = ZyE[M; — My | Fs] = 0,

as M is a martingale. This extends easily to general s < ¢ by the tower property. Therefore (H - M)
is a martingale. Note that if j < k then

E[Zj(Mth - Mtj)Zk(Mtk+1 - Mtk)] = E[Zj(Mth - Mtj)ZkE[Mtk+1 - Mtk |]:tk]] =0.
Therefore
n—1 2
E[(H -M)}]=E (Z Z(Myy o1t — tht))
k=0
n—1
=Y E[Z}( My, nt — My ae)?]
k=0
n—1
< | H|[F Y E[(Myy,,n¢ — Mype)?]
k=0
(3.1) = || H||7<E[(M; — Mo)?).

By Doob’s L?-inequality applied to M; — My, we have that
sup E[(H - M);] < 4| H||7E[(Moo — Mo)?].
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Therefore H - M € M?. This proves (]ED
Part follows because ([3.1]) holds for ¢ = oc. 0

Proposition 3.3. Let p be a finite measure on P, the previsible o-algebra. Then S is a dense
subspace of L*(P, ).

Proof. As the Z’s are bounded, it is certainly the case that S C L?(P, u). Denote by S the closure
of Sin L*(P,p). Let A= {A € P :14 €S}. Observe that A is a d-system, which contains the
m-system {B X (s,t] : B € Fs, s <t} which generates P. So, by Dynkin’s lemma, we have that
A = P. The result then follows because finite linear combinations of measurable indicators are
dense in L?. ]

3.2. L? properties. In order to proceed we need to define some Hilbert space properties of the
spaces of integration that we will consider. This will then enable us to extend the simple integral
that we have already defined.

We let X be a cddlag, adapted process. We then define a norm by

NIXNI = [1X"|[z= where X =sup|X;|.
t>0
We let C? be the set of cadlag, adapted processes X such that ||| X||| < co. We also let M be the
set of cddldg martingales, M, be the set of continuous martingales, M. ;.. be the set of continuous,

local martingales, and M? be the set of cadlag L?-bounded martingales. We also define the norm
X = [ Xooll 2 on M2

Proposition 3.4. (a) (C%, ||| - |||) is complete.

(b) M? = MnNC2.

(c) (M2,]|-|) is a Hilbert space and M? = M.N M? is a closed subspace.
(d) The map M? — L*(Fux) given by X — X is an isometry.

We can identify an element of M? with its terminal value and then M? inherits the Hilbert space
structure of L?(Fy).

Proof of Proposition [3.. Suppose that (X™),>1 is a Cauchy sequence in (C2, ||| - |||). Then we can
find a subsequence (X™*);>1 such that ), [[|X™+1 — X" ||| < co. Then we have that

Therefore for a.e. w, Y-, sup;q | X; " — X" | < co. Therefore (X" (w))g>1 converges as k — oo,

uniformly in ¢ > 0. The limit X (w) is a cadldg process because it is a uniform limit of cadlag
functions. Moreover,

<) X = XH|]] < oo
L2 k

> sup X - X7
X t>0

X" = X||| = E [sup X7 —Xﬂ
t>0

< likm infE [sup | X — X[ ]2} (Fatou’s lemma)
>0

—00
= liminf ||| X" — X" |2 -0 as n — oo
k—00

as (X™) is Cauchy. This proves (a)).
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Suppose that X € C2 N M. Then ||| X||| < co. But then
sup [ X¢[[ 2 < [|sup [ X[l L2 = [[| X]]]-
>0 >0

Therefore X € M?2. On the other hand, if X € M?, by Doob’s L2-inequality ||| X||| < 2[|X||z2 < oo,
so X € C2N M. Hence M? = M N C?. This proves (]ED

Note that (X,Y) — E[X Y] defines an inner product on M2, For X € M?, we have just shown
that

X122 < [IX] < 2[] X[ 2
Therefore ||-|| and ||| X ||| are equivalent norms. So, showing that (M?, [||-]||) is complete is equivalent
to showing that (M2, || -||z2) is complete. By (@), it suffices to show that M? is closed in (C?, ||| - |||).
But if X™ € M? and |[|X™ — X||| — 0 as n — oo for some X, then X is cadldg, adapted, and
L?-bounded. Furthermore,
[B[X: | Fs] = Xill g2 < [[BIX: — X7 [ Fo] + X = X2

<|E[X: — X7 | Fsllre + || X5 — Xsllz2  (Minkowski’s inequality)

<Xy = XP e + [1XE — Xl 12

<2 X - X|| =0 as n— oo.
Therefore X € M?2. Exactly the same argument applies to show that M? is a closed, subspace of
(M?2,]| - ]|). This proves (d).

Part @ follows from the definition. OJ

3.3. Quadratic variation. The tool which will allow us to construct the full stochastic integral is
the so-called quadratic variation of a local martingale.

Let (X™)p>1 be a sequence of processes. We say that X™ — X uniformly on compacts in probability
(ucp) if for every €,t > 0 we have that

Plsup | X, — Xs| >€) -0 as n — oc.
s<t

Theorem 3.5 (Quadratic variation). Let M be a continuous local martingale. Then there ezists a
unique continuous, adapted, and increasing process [M] such that M? — [M] is a continuous, local
martingale. Moreover, if we define

r2n]—1

M) = > (Mgiiyz—n — Myg—n)?
k=0

then [M]" — [M] ucp as n — 0.

The process [M] is called the quadratic variation process of M.

Example 3.6. Let B be a standard Brownian motion. Then (B? —t)i>0 is a martingale. Therefore
[Bly = t. As we will see later, that [B]y = t singles out the standard Brownian motion among
continuous local martingales. This is the so-called Lévy characterization of Brownian motion.

Proof of Theorem [3.5, By replacing M with M; — M if necessary, we may assume without loss of
generality that My = 0.



STOCHASTIC CALCULUS 13

Step 1: uniqueness. If A and A’ are two increasing processes satisfying the conditions of the theorem,
then we can write
Ay — Ay = (MP — A}) — (M} = Ay).

The left hand side is a continuous process of bounded variation as it is given by the difference of two
non-decreasing functions while the right hand side is a continuous local martingale as it is given by
the difference of two continuous local martingales. Since a continuous local martingale starting from
0 with bounded variation is almost surely equal to 0, it follows that A — A’ = 0. That is, A = A’, as
desired.

Step 2: existence, M bounded. We shall first consider the case that M is a bounded, continuous
martingale. (We will later reduce the general case of a continuous local martingale to this case using
a localization argument.) Then we have that M € M2. Fix T > 0 deterministic and let

[2nT] -1
HP = My-njgn] = Y Myg-nla-n (y1)a—)(t)-
k=0
Then H™ is a simple process. That is, H" € § for all n. Consequently, it follows that
[2nT]—1
Xy =(H"-M);= Z Mig—n(Mgy1)2-nnt — Mypg—np)
k=0

is an L%-bounded martingale. Moreover, X" is continuous. Then for n,m > 1 we have that
|X™ = X™|* = E[(H" — H™) - M)7]
<E[ sup [H]' — H"[’]|MT|?
0<t<T
=E[ sup [My-n|gns| — Mo-m|gmy PMTI2 =0 as n,m — oo
0<t<T
by the uniform continuity of M on [0,7] and the bounded convergence theorem.
We have thus shown that (X™) is a Cauchy sequence in (M2, || - ||), hence there exists Y € (M2,]-]|)
such that X" — Y as n — oc.
Now, for any n and 1 < k < [2"T'|, we can write
k—1

ME . — 22X} . = Z(M(j+1)2—n - Mj2—”)2 = [M]ign-
j=0

Consequently, M?—2X/" is non-decreasing when restricted to the set of times (k27" : 1 < k < [2"T).
Taking a limit as n — oo, it thus follows that M? — 2Y; is non-decreasing. Set

[M]; = M? — 2Y;.
Then [M] is a continuous, non-decreasing process and M? — [M] = 2Y is a martingale on [0, T].
We can extend this definition to [0, 00) by applying the above for each T'= k € N. By uniqueness,

we note that the process obtained with 7' = k must be the restriction to [0, k] of the process obtained
with T' =k + 1.

Note that the convergence X™ — Y in (M2, || - ||) implies that supg<;<r | X}* — Y;| = 0 as n — oo
in L?. Now,
[M]} = 2n—"|_2”tJ - 2X£L—”|_2"tj
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and so

sup |[M]y — [M]P| < sup [M3 o gny — MP| +2 sup |X5on gny = Yaonjang)| +2 sup [Yoln gny — Yil-
0<t<T 0<t<T

0<t<T 0<t<T

Fach term in the right hand side converges to 0 in probability. Indeed, this follows for the first and
third terms by continuity and for the second term because supg<;<7 | X7 — Y| — 0 in L? as n — oc.

Step 3: the general case. We now suppose that M € M o.. For each n, we let T}, = inf{t > 0 :
|My| > n}. Then (T),) reduces M and we can apply the case of bounded continuous martingales to

MTn, Write A" = [M™"]. By uniqueness, A?/G}n and A} must be indistinguishable. We thus take A

to be the non-decreasing process such that A7, = A} for all n. By construction, MtQATn — A, 1S
a martingale for each n. Therefore M? — A is a local martingale. Thus we can take [M]; = A;.

Note that [MT]™ — [MT"] as m — oo ucp. Thus as P[T}, < T] — 1 as n — oo for each T' > 0, it
follows that [M]™ — [M] as m — oo ucp. O

Theorem 3.7. If M € M?, then M? — [M] is a uniformly integrable martingale.

Proof. Let S,, = inf{t > 0: [M]; > n}. Then S, is a stopping time and [M];rs, < n. Therefore

the local martingale M2 s, — [M]ins, is dominated by the integrable random variable (by Doob’s

inequality) n + sup;>o M?. Therefore M7, s, — [M]ins, must be a true martingale. Therefore
E([M]ins,] = E[Mfs,]-

Letting ¢t — oo and using the monotone convergence theorem on the left and side and the dominated
convergence theorem on the right hand side, we see that

E[[M]s,] = E[M,].
Sending n — oo and using the same argument, we thus have that
E[[M]s] = E[M2] < co.

So, M? — [M]; is dominated by the integrable random variable [M]o 4 sup;sq MZ. Thus MZ — [M],
is a true martingale and is Ul (|

3.4. Tto integrals. Given M € M2, we define a measure y on P by setting
WA % (s,1]) = B[L(A)([M], — [M],)] for s<t.
Then for a previsible process H > 0, we have that

/Hd,u - E[/OOO H,d[M]y).

The integral inside of the expectation is with respect to the Lebesgue-Stieljes integral associated
with the non-decreasing process [M]. Let L?*(M) = L?(2 x (0,00), P, 1) and write

00 1/2
HHHLz(M)—HHHM—(E[/O Hfd[M]s]> |

Then L?(M) is the set of previsible processes such that ||H || < oo.
Suppose that

n—1

H= Z Zkl(tk:tk+1](t) €S.
k=0
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Then we know that H - M € M? and
1H - M? = [[(H - M)ollF2 = Y EIZR (M, — Mi,)?).

But M? — [M] is a martingale, so that

E[Zlg(MtkH - Mtk)z] = E[ZlgE[(MtkH Mt"') ‘]:tk“
=E[ZiEIM] | — M2 | F,))
= E[Z2E[[M]y,,,, — (M, | ]
= E[Zz([M]tHl [M]tk)]

Therefore -
|H - M|? = E[ / H2d[M],) = |HI,.

Theorem 3.8 (Ito isometry). There exists a unique isometry I: L*(M) — M2 such that I(H) =
H-M forall HES.

Proof. Suppose that H € L?(M) and let (H") be a sequence in S N L?(M) such that H" — H as
n — oo. That is,

o0
IE[/ (H" — H,)2d[M],] = 0 as n — oo,

0

Now, ||H™ - M|| = ||H"||as for all n and
|(H" = H™)-M|| = [[H" = H™|p;y -0 as n,m — oo.
So, H™ - M is a Cauchy sequence in M2. As (M2 | -|) is complete, the sequence H™ - M has a
limit H - M € M2,
Note that
I1H - M| = lim [[H"- M| = lim [[H"||x = |[H|am
n—oo n—oo

and so I(H) = H - M is an isometry for any H obtainable as a limit of simple processes. But § is
dense in L2(M), so the integral extends to all of L?(M). O

We write I(H); = (H - M), = f(f HydMs. The process H - M is Ito’s stochastic integral of H with
respect to M.

Example 3.9. Suppose that B is a standard Brownian motion. Then B? —t is a martingale, hence
[B]y = t. We will show later in this course that:

(1) If M is any continuous local martingale with [M]; = t, then M is a standard Brownian
motion (Lévy characterization of Brownian motion).

(2) Every continuous local martingale can be realized as a time-change of a standard Brownian
motion (time-change the process so that its quadratic variation is equal to t, apply Lévy
characterization). (Dubins-Schwarz theorem.)

Proposition 3.10. Let M € M? and H € L*(M). Let T be a stopping time. Then
(H-M)" = (Hlpg)-M=H-(M").
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Proof. Case 1. Fix H € S, M € M?, T taking only finitely many values. Then one can check that
Hlgr €S and (H-M)" = (Hlgq) - M.

Case 2. Fix H € S, M € M?, T a general stopping time. Then we have already shown that
(H-M)T =H-(MT).

For n,m, we let T),,,, = (27"[2"¢]) A m. Then T, takes on only finitely many values and
Towm T Am asn — oo. Thus,

[o¢]
1H103,0 ~ Hl sl = | [ B gdlDE] 50 a0 o0

by the dominated convergence theorem. Therefore (H1(or, ,.1) - M — (H - Lo1am)) - M in M?
as n — oo. But (H - ]\4)?”’m — (H - M)]"™ as n — oo by the continuity of H - M. Therefore
(H-M)T"" = (H 10,7am)) - M. Sending m — oo and applying a similar argument implies that
(H - M)T = (H1g ) - M.

Case 3. H € L>(M), M € M?, T a general stopping time. Chose a sequence (H") in S such that
H"™ — H in L*(M). Then H" - M — H - M in M2, so (H" - M)T — (H - M)T in M2. Also,

T
10 = H ol = B[ (H7 = )M < [ = HIf —0 as 0.

So we also have that (H"1g 7)) - M — (H1gq) - M in M2. Hence, (H - M)" = (H1g 7)) - M.
Moreover,

00 T
I = | [~ | =8 - H ML < Y 0 s 0
0 0
So, we also have that (H - M)T = H - (MT). O

The previous proposition allows us to make an extension to the Ito integral. Let H be a previsible
process. We say that H is locally bounded if there exists a sequence (S,) of stopping times such
that S, 1 oo as n — oo and such that H1(g,) is bounded for all n. Let M be a continuous
local martingale and let (S)) be a reducing sequence for M. Let T, = S, A S] and define
(H-M), = ((H1r,) - M™"); whenever t < T,. Then the previous proposition implies that H - M
is well-defined and is a continuous local martingale.

Summary of the stochastic integral
Step 1. HE S, M € M?.

H; = Zz;é Zkl(tk,tk +1](t) where Z, is a bounded, F;,-measurable random variable for each k. We

set
n—1

(H ' M)t = Z Zk(Mtk+1At - Mtk/\t)
k=0
and showed that H - M € M?2.

Step 2. Establish the existence of [M]

For M € M_ o, there exists a unique, adapted, continuous, non-decreasing process [M] such that
]\42 — [M] S Mc,loc-

Step 3. Extend the integral to H € L?(M), M € M?
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Define the norms || M|| = (E[MZ2])"/? on M? and |[H||xr = [|H | 12(ar) = (E[(H? - [M])s])'/?. Here,
L?(M) is the space of previsible processes H such that ||H|[y; < co. For H € S, M € M?

c’
|H|pr = ||H - M||. Let I: S — M? be given by I(H) = H- M. As S is dense in L?(M) and
(M2 | - |) is complete, I extends uniquely to all of L?(M). In other words, to each H € L?(M), I
associates a unique process X € M? such that ||H|y = || X|. We define H - M = X.

Step 4. Extend to H locally bounded and M € M, o

Suppose that there exists a sequence (S,) of stopping times, Sy, 1 0o as n — oo, such that H1(g g, is
bounded for all n. In other words, we assume that H is locally bounded. There also exists a sequence
(S”)) of stopping times, S/, 1 0o as n — oo, such that M5 € M? for all n. Set T, = S,, A S!,. We
know that for M € M? and H € L?(M) that for any stopping time, the integral is consistent:
(H - M)T = (Hgg) - M = H - (M7).
So, for H locally bounded and M € M, j,., we can unambigously set
(H-M);=((Hloz,) M™), for t<T,

Proposition 3.11. Let M € M .. and let H be a locally bounded previsible process. Let T be a
stopping time. Then:

(a) (H - M)" = (H1o7)- M = H-M"
(b) H-M € Mo

(c) [H-M|=H?-[M]

(d) H-(K-M)=(HK) M

Proof. Parts @ and (]E[) follow from Proposition By @), we can reduce and @ to the
case where M, H, and K are all uniformly bounded. (This is an example of a so-called localization

argument.) Then we have that
B{(H - M)3) = E[((H1(0 1) M)%] = E[((H*1 (07, - [M])oc] = E[(H? - [M])z].

[e.e]

By the we thus have that (H - M)? — H? - [M] is a martingale. By Theorem the unique
non-decreasing, adapted, continuous process X such that (H - M)? — X is a martingale is [H - M].
Therefore [H - M] = H?[M]. This proves (d).

We will now prove @ The case that H, K € § is an elementary exercise. For H, K uniformly
bounded, there exist sequences (H™), (K") in S such that H® — H in L?>(M) and K™ — K in
L?(M). We will first prove an upper bound on | H|[z2(x.ar)- We have that

1H |72 500y = EI(H? - [K - M])oc] = E[(H? - (K - [M]))oc] = E[(HE)? - [M])oc]
by the corresponding property for the Stieljes integral. This, in turn, is equal to
VK22 00y < min (I 00y, I 120 20 ) -
We have already that H" - (K™ - M) = (H"K") - M. Also,
[H"™ - (K™ - M) — H - (K- M)
<|(H" = H) - (K" - M)|| + [|H - (K" — K) - M)]|

=[|H" — Hl|z2(gr.ary + | HI L2 (- K)-11)
<|[H" = H| 2| K" oo + [ H [|oo | K™ — Kl[L2(ary = 0 as 1 — oo,

A similar argument implies that (H"K")- M — (HK) - M in M2, which implies the result. [
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Proposition 3.12. Let X be a continuous semimartingale and H be a locally bounded left-continuous
process which is adapted. Then

r2n] -1
Z Hygn(X(py1)2-n — Xpo—n) = (H - X); ucp as n — oo.
k=0

Proof. We can treat the local martingale and finite variation parts separately. The latter is Exercise
6 on Example Sheet 2, so this leaves just the martingale part. By applying a localization argument,
we can reduce to the case in which M € M? and H is bounded. Let H}' = Hy—n|gn4). Then, by the
left-continuity of H, we have that H* — H; as n — co. Moreover, we have that

|27 -1
(Hn . M)t = Z Hk27n (M(]C+1)27” - MkQ*'n) + Hzfn LrnJ (Mt - M27n LQntJ)
k=0

where |M; — My-n|gny|| — 0 as n — oo by the left-continuity of M. Consequently, we can ignore
the second term on the right hand side.

Now,
E [/ (H]' — Ht)2d[M}t} —0 as n— oo
0

by the bounded convergence theorem. Therefore H" - M — H - M in M2 by the Ito isometry. But,

convergence in (M2, || - ||) implies ucp convergence, which completes the proof. O
Theorem 3.13. Let M, N € M o.. Let
rant] 1
[M,NJj = Z (M(gy1)2-n — Mpg—n)(Ngy1)2-7 — Nigg—n).
k=0

Then there exists a unique continuous, adapted, finite variation process [M, N| such that

(a) [M,N]} — [M,N]; ucp as n — oo.

(b) MN — [M,N] € M oc-

(¢) For M,N € M2, MN — [M, N] is a UI martingale.
(d) For H locally bounded and previsible,

[H-M,N]+[M,H-N]=2H - [M,N].

[M, N] is called the covariation of M and N. Note that [M, M] = [M]. Moreover, [M,N] is a
symmetric bilinear form.

Proof of Theorem[3.13 Note that

MN =~ ((M + N)* — (M — N)?).

>~ =

Thus we take
(3.2) [M,N]:i([M+N]—[M—N])

and we will show that it satisifes the desired properties. (The identity (3.2) is the so-called
polarization identity.) We also note that

[M, N = 7 (IM + NJi' = [M = NJ{).

P
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Then @f follow from the equivalent properties for quadratic variation.
For @, we note that
[H - (M £ N)] = H?[M £ NJ.
Hence, by , we have that
[H-M,H-N]= H?*M,N].
We then have that
(H+1)*[M,N]=[(H+1)-M,(H+1)-N]
=[H-M+ M,H-N + N|
=[H-M,H-N|+[M,H-N|+[H-M,N|+ [M,N].
We also have that
(H +1)*[M,N] = (H? + 2H + 1)[M, N] = H*[M, N] + 2H[M, N] + [M, N].
By matching up terms, we see that
2H[M,N]=|[M,H - N]+[H - M,N],
as required. O

Proposition 3.14 (Kunita-Watanabe identity). Let M, N € Mo and H a locally bounded,
previsible process. Then [H - M, N| = H - [M, N].

Proof. It suffices to show that [H - M, N| = [M, H-N]. We have that (H-M)N —[H-M,N] € Mo
and M(H-N)—[M,H - N] &€ M_jo. Hence if we can show that (H - M)N — M(H - N) € M_oc,
then we can deduce that [H - M,N| — [M,H - N] € M_,.. But this last process can be expressed
as sums and differences of quadratic variations and, as quadratic variations are non-decreasing, this
will imply that [H - M, N] — [M, H - N] is of finite variation. Hence we will be able to deduce that
[H - M,N] = [M,H-N].

By localization, we may assume that M, N € M? and that H is bounded. By it suffices to
show that

E[(H - M)r - Ny] = E[Mp(H - N)7]
for all bounded stopping times 7. We know that we can replace M by M and N by NT. Therefore
it suffices to show that

(3‘3) E[(H ) M)oo ’ Noo] = IE‘[]woo ) (H ’ N)oo]

for all M, N € M? and H bounded. Consider first the case that H = Z1(s4 where Z is bounded
and Fs-measurable. Then

E[(H - M)ooNoo] = E[Z(M; — Ms)Noo| = E[ZM{E[No | Ft] — ZME[Ns | Fs]]  (tower property)
= E[Z(M;N; — M¢Ny)].
The same argument implies that
E[Moo(H - N)oo] = E[Z(M;Ny — MsN;)]
which proves for H = Z1(,,.

By linearity, this extends to all H € §. If H is bounded, then we can find a sequence (H™) such that
H™ — H in both L?(M) and L*(N). Therefore (H™- M)y — (H-M)oo and (H" - N) oo — (H-N)so
as n — oo in L2. This proves (3.3) for all H bounded, which completes the proof. ([l
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4. STOCHASTIC CALCULUS

4.1. Tto’s formula.

Theorem 4.1 (Integration by parts). Let X, Y be continuous semimartingales. Then

t t
X,Y; — XoYy = / X.dY, +/ YidXs + [X, Y]
0 0

Proof. Since both sides are continuous, it suffices to prove the result for ¢ of the form ¢ = M2~ for
M, N € N. Note that for s <t we have that
XiYy — XY = Xo (Vi = Ys) + Yo( Xy — X)) + (Xi — Xo)(Vy — Ys).
Applying this for n > N, we have that
M2'n—N

XYy — XoYo = Z <Xk2—"(y(k+1)2—" = Yio-n) + Yig-n (X (gy1)2-n — Xio-n)
k=0

+ (X(kg1y2-7 — Xpo—n) Vg2 — Ykzn))

- (X Y+ (Y -X)+[X,Y] ucpas n— oo.
O

Note that the covariation term does not appear in the usual integration by parts formula for
Lebesgue-Stieljes integrals. Note also that if either X or Y is of finite variation then the covariation

term also does not appear.

Theorem 4.2 (Ito’s formula). Let X', ..., X be continuous semimartingales and let X = (X1, ..., X9).
Let f: R* - R be C%. Then

JiX) = J(Xo) +Z/ f X+ 3 Z / (%czaxa X, X7

Remark 4.3. (1) Note that Theorem[{.9 implies that f(X;) is a semimartingale since each of
the summands in Ité’s formula is a semz’martmgale.
(2) One can derive Ité’s formula using Taylor expansion. Indeed, we have that

[27¢]

F(Xe) = F(X0) + Y (F(Xppyz—n) = F(Xpan)) + (F(Xe) = F(X|204)))

k=0
|2n¢) L2

= f(Xo) + Z F (Xpg—n) (Xhg1y2-n — Xpon) + 3 Z F"(Xpa-n) (X (gs1y2-n — Xgo—n)? +  error
k=0 k=0

— f(Xo) /f $)dXs+ = /f" |s ucp as n— 0.

This is Ito’s formula for d = 1.

Proof of Theorem [[.3. We are going to give the proof of It6’s formula for d = 1. We leave the proof
for d > 1 as an exercise. Write X = Xy + M + A where A has corresponding total variation process
V. Let T, = inf{t > 0 : | X¢| + V; + [M]; > r}. Then (T,) is a sequence of stopping times with
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T, 1 oo as 7 — oo. It suffices to prove the formula for arbitrary f € C%(R) in the time-interval
[0,T;]. Let A denote the subset of C%(R) where the formula holds. Then:

(a) A contains the functions f(z) =1 and f(x) =

(b) A is a vector space

(c) We will show that A is in fact an algebra. That is, if f,g € A then fg € A.

(d) Finally, we will show that if (f,,) is a sequence in A with f, — f in C?(B,) for each r > 0, then

f € A. Here, B, = {x : |z| < r} and f,, — f in C?(B,) means that with
Any = max{sup |fn(z) = f(@)], sup |£,(2) = f(@)], sup |fo(2) - f(2)I}

TEDL,

we have that A, , — 0 as n — oo with r fixed.

We note that (a), (b), (c) together imply that all polynomials are in .A. By Weierstrass’ approximation
theorem, polynomials are dense in C?(B,) for each 7 > 0, so (d) implies that A = C%(R).

Proof of (¢) Suppose that f,g € A. Set F; = f(X;) and Gy = g(X¢). Since It6’s formula holds, F'
and G must be continuous semimartingales. By integration by parts,

t t
(41) F.Gy — FpGo = / F.dG + / G.dF, + [F, G]t
0 0

Using that H - (K - M) = - M and Itd’s formula for g, we also have that

(4.2) /FdG /f DdX, + 2 /f Jd[X],.

By the Kunita-Watanabe identity, we have that [H - M, N] = H - [M, N], hence

(4.3) F.G, = [£(X), 9(X)); = / F/(X2)g(X)d[X]s.

Inserting (4.2]) and ( into (4.1) implies that It6’s formula holds for fg. That is, fg € A.
Proof of (d) Suppose that (fn) is a sequence in A and we have that f,, — f in C?(B,) for all r > 0.

Then
tATy , , 1 tATy " "
[ - kA g [ 10 - e,
0 0

1
SATL,TVt/\TT + iAn,r[M]t/\Tr S 74An,7‘ —0 as n — oo.

Consequently,
tAT, 1 tAT, t/\TT 1 tAT
/ fT/L(XS)dAS + = / s / dA + = / f//(Xs)d[M]s‘
0 2 Jo 2 Jo

Moreover, MTr € M2, so

Ty
1(Fu(X) - MY — (F(X) - MY |2 = E [ [ - f<Xs>>2d[M]s}
SA%’TE[[M]TT] < TA?W —0 as n— oo.

Therefore (f,,(X) - M)Tr — (f(X) - M)T in M2. Hence, for any r, we can pass to the limit in It6’s
formula to obtain

tAT 1
F(Xinz,) = F(Xo) + /0 f/(X)dX, +

tATy
2/0 f (Xs)d[X]s
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Example 4.4. Let X = B where B is a standard Brownian motion in R and let f(x) = z°.
Applying It6’s formula, we then have that

t
B} = 2/ BydBg +t.
0

Rearranging, we see that

t
B} —t= 2/ BydBs € M joc.
0

Example 4.5. Let f: R x R? — R be C'2? and let X; = (t,B},...,B{) where B',... B¢ are
independent standard Brownian motions. Then, by Ito’s formula, we have that

¢ d t
F(t, B) — £(0, Bo) _/0 <;A+§t> F(s, Bo)ds — Z/O (s, BB} € Mesr
i=1 ’

In particular, if f does not depend on t and f is harmonic in x, then f(Bi) € Mo

4.2. Stratonovich integral. Let X,Y be continuous semimartingales. We define the Stratonovich
integral as

t t
1
/ XY, :/ XY, + 5[X, Y],
0 0

Here, the integral on the right hand side is an It6 integral. Using the Riemann sum approximations
for the terms on the right hand side, we have that

|27t]—1
X —n — Xpo-n t
Z < (k+1)2 . k2 ) (Y(k+1)2*" —Yo-n) — / X0Y; ucp as n — oo.
k=0 0
Proposition 4.6. Let X', ..., X% be continuous semimartz’ngales and let f: RY = R be C3. Then

(4.4) F(X1) = f(Xo) +Z / o $)OXL.

In particular, the integration by parts formula is given by
t t
(4.5) XY, - XY = / XY, + / Y.0X,.
0 0
Note that Proposition [.6] implies that the Stratonovich integral satisfies the usual rules of calculus.

Proof of Proposition[{.6. We will treat the case that d = 1 and leave the case d > 2 as an exercise.
By Itd’s formula, we have that

(4.6) f(Xy) = f(Xo) /f $)dXs+ = /f”

(4.7) F(X2) = f'(Xo) / FXAX 4 L / x
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By the Kunita-Watanabe identity and (4.7)), we have that [f'(X), X] = [f(f 1 Xs)dXs, X] =
f"(X) - [X]. Combining this with (4.6)) and the definition of the Stratonovich integral, we then have
that

f(X4) =f(Xo)+/O f1(Xs)0X,.
]

Remark 4.7. Note that in Proposition[{.0, we require more reqularity of the function f in order to
obtain in comparison to Ito’s formula. We also emphasize that for the Stratonovich integral,
the integrand must be a semimartingale. This is also in contrast to the case of Ité’s formula, in which
case the integrand need only be locally bounded and previsible. Finally, the Stratonovich integral with
respect to a local martingale is not necessarily a local martingale. For example,

t t 1 1 5
BB, = | BydBs+ -t = -B2,
0 0 2 2

which is not a local martingale.

4.3. Shorthand notation. We will now record some shorthand notation which is common for
stochastic calculus.

o Iy — Zy= fg Hy dX, is equivalent to dZ; = H;dX;.
A = fg H,0X, is equivalent to 07Z; = H;0X;.
o Z; =[X,Y]: = f(f d[X,Y]s is equivalent to dZ; = dX;dY;.

We then have the following computational rules:

o Hy(K.dX,) = (H,K,)dX,
o H,(dX:dY;) = (HidX,)dYt
o d(XiY}) = XvdYs + Yid Xy + dXidY;

d 0 ; d 0?2 i j
o df(X) = T, 2 (X)X + 3 50, 50 (XXX,

The relationship between the It6 and Stratonovich integrals is that 07; = Y;0X; if and only if
dZ; = Y,d X, + 3dX,dY,.

5. APPLICATIONS

5.1. Brownian motion. Throughout, we will work on a filtered probability space (2, F, (F¢)t>0, P)
where (F3)t>0 satisfies the usual conditions.

Theorem 5.1 (Lévy’s characterization of Brownian motion). Let X', ..., X 4 be continuous local
martingales and set X = (X1,..., X?). Suppose that [X!, X7]; = §;;t for alli,j and t > 0. Then X
is a standard Brownian motion on RY.

Proof. 1t suffices to show that, for all 0 < s <t < 0o, we have that X; — X is distributed as a
N(0, (t — s)I) random variable and is independent of F,. This is equivalent to show that

1
Elexp(i(0, X¢ — X)) | Fs] = exp <—292(t - s)) , forall 6eR%
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Fix 6 € R? and set V; = (6, X;) = Z;.lzl Gthj. Then Y € Mg o as M joc is a vector space. By
assumption, we have that

d d d
Y] =[Y,Y]e=[>_ 60X, 07X = > 676"[X7, X*] = |6]*t.
j=1 j=1 7,k=1

Consider
Zy = exp(iYs + 3[Y]:) = exp(i(0, X;) + 3(0/%t).
By Ito’s formula with X = i¥; 4+ $[Y]; and f(z) = exp(z), we have that
dZ, = Zy(idYy + 5d[Y)y) — 3 Zd[Y )y = iZ,dY,.

Consequently, Z € M jo.. Moreover, Z is bounded on [0, t] for each ¢t > 0, hence Z € M,. Therefore
E[Z: | Fs] = Zs, which implies that

Elexp(i(0, X; — X)) | Fs) = exp(—%GQ(t —3)).

g
Theorem 5.2 (Dubins-Schwartz theorem). Let M € Mo with My = 0 and [M]o = oo. Set
Ts = inf{t > 0: [M]; > s}, Bs = M., and Gs = F,,. Then 75 is an (Fi)-stopping time and

[M]:, = s for all s > 0. Moreover, B is a (Gs)-Brownian motion and My = By, -

Remark 5.3. Theorem states that any continuous local martingale starting from 0 can be
represented as a stochastic time-change of Brownian motion. Thus, in some sense, Brownian motion
1s the “most general” continuous local martingale.

Proof of Theorem [5.2. Since [M] is continuous and adapted, 75 is a stopping time for each s > 0.
The hypothesis [M]s = oo implies that 75 < oo for all s > 0. Note that B is adapted to (Gs)s>0.
To finish the proof, we will show that B is continuous and that it is a local martingale with [B]; = t.
The result will then follow from Theorem (.11

Step 1: B is continuous. We first note that s — 75 is non-decreasing and cadlag. Therefore B is
cadlag Moreover, 7,— = inf{t > 0 : [M]; = s}. To prove the continuity of B, we must therefore show
that B,— = B; for all s > 0. Equivalently, M; =M, for all s > 0. In order to show that this is
the case, we need to show that if [M] is constant on a given interval then M is also constant on the
same interval. By applying localization, we may assume that M € M?2. Tt suffices to show that for
all ¢ € Q, ¢ > 0, with S, = inf{t > ¢ : [M]; > [M],} we have that M is constant [g, S,].. We know
that M? — [M] is a Ul martingale as in M € M?. By the we have that
E[M3, — [M]s, | Fql = M — [M],.

Since [M]s, = M, and M is a martingale, we also have that

E[(qu - Mq)2 |]:q] = E[[M]Sq — M, ‘ ]:q] =0.
Therefore M is almost surely constant on [g, S4], hence B is continuous.

Step 2: B is a Brownian motion. Fix s > 0. Then we know that [M "], = [M],;, = s. Consequently,
M7 € M2. Therefore (M? — [M])™ is a Ul martingale. By the we have for 0 <r < s < oo
that

q

E[Bs|Gr] = E[MZ | Fr] = My, = B,

E[B: — 5|6, = E[(M® — [M]))™ | Fr,] = M — [M];, = B} —r.

T T
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Combining, we have that B € M, with [B]; =t for all ¢t > 0. Thus by Theorem |5.1} we have that
B is a (Gt)¢>0-Brownian motion. O

5.2. Exponential martingales.

Example 5.4. Let M € M, o with My = 0. Set Z; = exp(M; — %[M]t) By Ité’s formula applied
to X = M — [M] and f(z) = exp(x), we have that

dZ, = Zy(dMy — 3d[M);) + 3 Z,d[M], = ZydM,.

Consequently, Zy € Mg oc as the integral of Z with respect to an element of M o s an element of
M oc- We call Z the stochastic exponential (or exponential martingale associated with) M and
write Z = E(M).

Proposition 5.5. Let M € M, with Mo = 0. Then for all €,6 > 0 we have that

2
Plsup M; > ¢, [M]oo < 8] < exp (—os ).
>0 20

Proof. Fix € > 0 and set 7' = inf{t > 0: M; > ¢}. Fix § € R and set Z; = exp(0M] — 16>[M]).
Then Z; € Mo with |Z;| < e for all t > 0. Consequently, Z is in fact a bounded martingale.
Therefore E[Z] = Zy = 1. For each § > 0, we have that

Plsup My > €, [M]oo < 6] < P[Zo > P70°0/2]
t>0

< exp(—fe + 625/2) (Markov’s inequality).
The result follows by optimizing this bound over 6. O

Proposition 5.6. Let M € M, .. with My = 0. Suppose that [M] is uniformly bounded. Then
E(M) is a UI martingale.

Proof. Let ¢ be such that [M]y < c¢. By Proposition we have that
2

Plsup M; > €] = P[sup My > €, [M]oo < c] < exp <_6) .
t>0 t>0 2c

Note that

sup exp(E(M)) < exp(sup My)
>0 >0

as [M]; > 0 for all t > 0. Moreover,

E[exp(sup M,)] —/ Plexp(sup M;) > A]dA
>0 0 >0

o
:/ Plsup M; > log A]ldA
0

t>0
o) 2
Sl—l—/ exp<—(10g)\) >d)\<oo.
1 2c

Therefore £(M) is U, as desired. O
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Suppose that P and Q are two probability measures on (€2, F). Then we say that Q is absolutely
continuous with respect to P and write Q < P if for any A € F, we have that P[A] = 0 implies

Q[A] = 0.

We define the stochastic exponential (or exponential martingale) of M € M. o with My = 0 by
E(M), = exp(M; — 3[M],).

We showed that if [M] is uniformly bounded, then £(M) is a UI martingale. This provides one
circumstance in which the hypotheses of the following theorem are satisfied.

Theorem 5.7 (Girsanov’s theorem). Let M € M oc be such that Mo = 0. Suppose that Z = E(M)
is a UI martingale. Then we can define a new probability measure P on (Q, F) by P[A] = E[Z.1(A)]
for Ac F. If X € Meioe(P), then X — [X, M] € M 0c(P).

Proof. Since Z is Ul, we know that Z, exists with Z,, > 0 and E[Z] = E[Zy] = 1. It is not
difficult to see that P is a probability measure with P<P. Let X € M, 1oc(P) and set T), = inf{t >
0:[X; — [X,M];] > n}. As X — [X, M] is continuous, we have that P[T 1 oo] = 1. By absolute
continuity, we therefore have that P[T}, 1 co] = 1. So, to show that Y = X — [X, M] € /\/lcloc( ), it

suffices to show that Y7n = XTn — [XTn M| € MC,ZOC(]TD) for all n. Replacing X by X' we can
reduce to the case where Y is uniformly bounded.

By integration by parts, we have that
d(Z:Yy) = YidZy + Z,dY, = (Xy — [ X, M) Zyd My + Zy(d Xy — d X dMy) + ZidMyd X,
= Z; XodM; — Zy[ X, M)y dMy + Z1d X

Consequently, Y € M, 5. Also, {Z7p : T is a stopping time} is UL Since Y is bounded, we also
have that {ZrYr : T is a stopping time} is UI as well. Hence, ZY € M (P). But, for s < t, we
have that

as ZY € M.(P). Therefore Y € M,(P), as required. O

Remark 5.8. Note that the quadratic variation does not change when performing a change of
measures from P to P.

Corollary 5.9. Let B be a standard Brownian motion under P and let M € Mcloc with Moy = 0.
Suppose that Z = E(M) is a UI martingale and P[A] = E[Zoo14] for A€ F. Then B = B — B, M|
1s a P-Brownian motion.

Proof. Since B is a continuous P-local martingale and has [B]; = [B]; = t, it follows from the Lévy
characterization that B must be a P-Brownian motion. O

Let (W, W, 1) be the Wiener space, i.e., W = C(R+,R), W =0(X;:t >0), where X;: W — R is
given by X;(w) = w(t), p is the Wiener measure, the unique probability measure on (W, W) such
that (X):>0 is a standard Brownian motion starting from 0.

Let
t
H={heW:h(t)= / ©(s)ds for some ¢ € L*(Ry)}
0

be the Cameron-Martin space. For h € H, we will write h for ®.
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Theorem 5.10 (Cameron-Martin). Fiz h € H and set p(A) = p({w € W : w+ h € A}) for
A€ W. Then p" is a probability measure on (W, W) which is absolutely continuous with respect to

w and with density
W ) = exp < / " i) du(s) — & / h ]h(s)\2d3>
—(w) = ex - = .
dp 0 2 Jo

Remark 5.11. In other words, if we take a Brownian motion and shift it by a deterministic function
h € H, then the resulting process has a law which is absolutely continuous wrt that of the original
Brownian motion.

Proof of Theorem [5.10, Set Wy = o(Xs : s < t) and M; = fo 8)dXs. Then M € M2(W, W, (Wy)t0, 1)
and [M]o = [ |1(s)[*ds =: C' < o0.
We know that £(M) is a UI martingale, so we can define a measure i on (W, W) by

dp

@(W) = exp(Moo(w) — 5[M]oc(w))
and X = X — [X, M] € M oc(ft) by Girsanov’s theorem Since X is a u-Brownian motion, it follows
that X is a fi-Brownian motion. But [X, M], = fo s)ds = h(t). So, X(w) = X(w) —h=w — h.

Hence, for A € W, u"(A) = p({w : X(w) + h € A}) = i({w : X(w) + h € A}) = fi(A), Hence,
o= pl, as required. O

6. STOCHASTIC DIFFERENTIAL EQUATIONS

6.1. Motivation Suppose that we have a differential equation, for example dx(t)/dt = b(xz(t)).
Equivalently, = 0)+ fo ))ds. In certain situations, it can be natural to take into account

random perturbatlons and add a “noise term” so that we have the equation X; = Xg+ fo s)ds +
0B where B is a Brownian motion and ¢ is a parameter which controls the intensity of the noise.
If the intensity depends on the state of the system, it may make more sense to consider an equation
of the form

t t
Xt = Xo +/ b(XS)ds—i—/ o(Xs)dBs
0 0
where the last term is an Ito integral. This is an example of a stochastic differential equation (SDE)
which is written in integral form. The corresponding differential form of the SDE is

dX; = b(Xy)dt + o(X,)dB:.

6.2. General definitions. Let M %™ (R) denote the set of d xm matrices with real entries. Suppose
that o: R? — M?™(R) and b: R — R? are measurable functions which are bounded on compact
sets. We write o(x) = (04j(x)) and b(z) = (b;(z)). Consider the equation

(6.1) dX; = o(X;)dBy + b(Xy)dt.
We can write this equation component-wise as

dX] =" 0i;(X;)dB] + b;(Xy)dt.
j=1
A solution to (6.1)) consists of:
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o A filtered probability space (€2, F, (Ft)t>0,P) where (F;)¢>0 satisfies the usual conditions.
e An (F;)-Brownian motion B = (B!,..., B™) in R™.
e An (F;)-adapted continuous process X = (X!,..., X%) in R? such that

t t
X, = X, +/ o(X,)dBs +/ b(X,)ds.
0 0

When, in addition, X = = € R?, we say that X is a solution started from x.
There are several different notions of existence and uniqueness for solutions to SDEs.

We say that an SDE has a weak solution if for all z € R?, there exists a solution to the equation
started from x. There is uniqueness in law if all solutions to the SDE started from x have the same
distribution. There is pathwise uniqueness if, when we fix (Q, F, (F¢)t>0,P) and B, then any two
solutions X and X’ such that Xy = X{, are such that P[X; = X] for all ¢> 0] =1. We say that
a solution X of a SDE started from x is a strong solution if X is adapted to the filtration generated
by B.

In the case of a weak solution, the filtration (F;);>0 is not necessarily the filtration generated by B.
In other words, it is not necessarily true that X;(w) is a measurable function of (Bs(w) : s < t) and
T.

Example 6.1. It is possible to have the existence of a weak solution and uniqueness in law without
pathwise uniqueness.

Suppose that B is a Brownian motion in R with Sy = x. Set By = fg sgn(Bs)dfBs. We take the
convention that sgn(r) = 1(gs0) (%) — 1(—oo,0)(z). Note that (sgn(B))i>o is previsible, so that the
integral is well-defined. Note that

t t t
z+ / sen(Bs)dB, = z + / (sen(Be))2dB, = z + / a8, = By,
0 0 0
Consequently, 58 solves the SDE

(62) ClXt = Sgl’l(Xt)dBt, X() = X.

Therefore (6.2) has a weak solution. By the Lévy characterization of Brownian motion, any solution
to this SDE is a Brownian motion. Therefore we have uniqueness in law.

On the other hand, there is not pathwise uniqueness. Indeed, to see this we first observe that
fo (Bs = 0)ds = 0 as the zero set of Brownian motion has zero Lebesque measure. Thus, by the Ito

isometry, we have that fo (Bs = 0)dBs = 0.

Suppose that 5o = 0. Then both 8 and —f are solutions to (6.2)). So, pathwise uniqueness does not
hold. It turns out that 3 is not a strong solution either.

6.3. Lipschitz coefficients. For U C R? and f: U — R", we say that f is Lipschitz if there exists
K < oo such that |f(z) — f(y)| < K|z — y| for all z,y € U.

Suppose that A € M4>™(R) with A = (a;;). Then we will use the norm given by

4 m 1/2
Al = Zza?j
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So, if f: U — M¥™(R) instead, then we say that f Lipschitz if there exists K < oo such that
|f(x) = f(y)| < K|x —y| for all z,y € U.

We will establish the existence and uniqueness of solutions to SDEs when the coefficients ¢ and
b are Lipschitz. We write Cp for the set of continuous, adapted processes X: [0,7] — R such
that ||| X |||z = [ supr | X¢|ll2 < co. We write C for the set of continuous, adapted processes
X:[0,T] — R such that ||| X|||7 < oo for all T > 0.

Recall that Cr is complete.

In our proof the existence of solutions to SDEs with Lipschitz coefficients, we will make use of the
following theorem which we state without proof.

Theorem 6.2 (Contraction mapping theorem). Let (X,d) be a complete metric space.

(a) Suppose that F': X — X is a contraction. That is, there exists r < 1 such that d(F(x), F(y)) <
rd(xz,y) for all z,y € X. Then F has a unique fized point.

(b) Suppose that F: X — X is such that there exists r < 1 and n € N with d(F"(z), F"(y)) <
rd(z,y) for all x,y € X, then F has a unique fized point.

Theorem 6.3. Suppose that o: R — M¥™>™(R) and b: R? — R? are Lipschitz. Then there is
pathwise uniqueness for the SDE dX; = o(X;)dB; + b(Xy)dt. Moreover, for each filtered probability
space (Q, F, (F)e>0,P) which satisfies the usual conditions and each (F;)-Brownian motion B, there
exists for each x € R a strong solution starting from x.

Lemma 6.4 (Gronwall’s lemma). Let T > 0 and let f be a non-negative, bounded, measurable
function on [0,T]. Suppose that there exists a,b > 0 such that

f(t)ga—I—b/tf(s)ds for all te€0,T].
0

Then
f(t) <ae®  forall tel0,T].

Proof. Let C = supy<;<r f(t) < oo. By induction on n, we have that

bt n t S1 Sn
f(t)<a<1+bt—|—--'+(n?>+b"+1/ / / f(Sny1)dsps1---dsy.
. 0 JoO 0

The last term on the right hand side is bounded from above by C(bt)"*!/(n+1)! = 0asn — co. [

Proof of Theorem [6.3. We will give the proof in the case that d,m = 1 and leave the general case
as an exercise.

We assume that we have fixed a filtered probability space (€2, F, (Ft)t>0, P) and a standard (F;)-
Brownian motion B. We also let (F?) be the filtration generated by B; note that F C F; for all
t>0.

Suppose that K > 0 is such that
lo(x) —o(y)| < K|z —y| and |b(z) —b(y)| < K|z —y| forall z,yeR.
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Uniqueness. Suppose that X, X’ are solutions to the SDE with Xy = X{. We will show that X; = X]
for all t > 0. Fix M > 0 and let 7 =inf{t > 0:|X;| > M or |X{| > M}. Then we have that

tAT tAT
Xinr = Xo + / o(X,)dB, + / b(X,)ds
0 0

tAT tAT
X = X} +/ o(X2.)dBs +/ b(X!)ds.
0 0
Fix T > 0. If t € [0,T], then we have that

([ ot - otxppas.) (o - b(X;>>ds>2]

<2RE [/OW(U(XS) - a(X;))2ds] + 2TE UotAT(b(XS) - b(X;))st]

2

E[(Xonr — Xip,)?] < 2E 12K

<2K*(1+T)E [/OW(XS — Xg)st}

)?]ds.

SAT

t
<2K%(1 + T)/ E[(Xsar — X!
0
Let f(t) = E[(X¢ar — X/n,)?]. Then we have shown that
t
£(8) < 2K2(1+T) / f(s)ds forall te[0,T].
0

Hence by Gronwall’s lemma, we have that f(t) = 0 for all ¢ € [0,7]. This implies that Xirr = X},
for all t € [0,T]. Since M > 0 was arbitrary, we therefore have that X; = X] for all ¢ > 0.

Existence of a strong solution.

Fix » € R. Recall that [[|[X|[|7 = | supg<;<r |X¢[|l2 and that Cr (resp. C) denotes the set of
continuous, (F;)-adapted processes X such that ||| X|||7 < oo (resp. ||| X]|||r < oo for all T > 0).
Using the Lipschitz property of ¢ and b, we note that for all y € R we have that

(6.3) o) = lo(y) —a(0) +0(0)] < |o(0)| +|o(y) — o(0)] < |o(0)| + Klyl.
We similarly have that
(6.4) [b(y)] < [b(0)] + Kyl

FixT > 0 and X € Cr. Let M; = fga(Xs)st, 0 <t < T. Then [M]p = (;FO'Q(XS)dS.
Consequently, by (6.3) we have that

E[[M]r] < 2T(lo(0)]* + K?|| X |[[7) < co.
It thus follows that (My)icpo, 7 is an L?-bounded martingale. Doob’s L? inequality then implies that
2

/ ' o(X.)dB,

Using (6.4)) and the Cauchy-Schwarz inequality, we also have that

/Ot b(X,)ds :

E!sup

0<t<T

< 8T (|o(0)* + K| X [[T) < oo

E | sup
0<t<T

<75 [ [ 00)as] < 2% ()P + KIIXIE) < oo
0
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Combining, we see that the map F' defined on Cr by
FX)y=z+ /ta(Xs)st + /t b(Xs)ds, t<T
takes values in Cr. Note that for XY (é Cr, similar arg(;)uments to those above imply that
1) ~ FOl < 220 +7) [ 1 - V.

In particular, there exists a constant C' > 0 such that
IIF(X) = FY)IIIf < ClIX = YIf, vt<T.
Thus by iterating, we have that
crrm
n!

I1EC () = F ()7 < 11X = Y7

Note that we can make n sufficiently large so that C™T"™/n! < 1. The contraction mapping theorem
therefore implies that there exists a unique fixed point X () € Cp of F.

By uniqueness, we have that Xt(T) = Xt(T/) for all t <T AT’. We thus define X; = Xt(N) whenever
t < N and N € N. This is the pathwise unique solution to the SDE started from z. It remains to
prove that X is (F7)-adapted.

We define a sequence (Y™) in Cr by setting Yo = x and Y™ = F(Y"!) for each n € N. Then Y™ is
(FB)i>0 adapted for all n. Since X = F(™(X) for all n > 0, it follows that

crrm

I1X = Y™l = [[|1F(X) = F™ ()] < X = 2]l]7-
Consequently, it follows that
oo o0
E sup |X; — Y| < X —Y"|3 < .
nz:%ogth| t =Y/ 7;)"' 7

This implies that Y7 ) supg<;<r | X¢ — Y{*| < oo almost surely, which implies that Y™ — X almost
surely as n — oo uniformly on [0,7]. Therefore X is also (F)-adapted. That is, X is a strong
solution. O

Proposition 6.5. Under the hypotheses of Theorem [6.3, there is uniqueness in law for the SDE
dXt = O'(Xt)dBt + b(Xt)dt

Proof. See example sheet 3. O

Example 6.6 (Ornstein-Uhlenbeck process). Fiz A\ € R and consider the SDE in R?
dVy =dBy — AVidt, Vo =g
dX; = Vidt, Xog=xo.
When A > 0, this SDE models the movement of a pollen grain on the surface of a liquid. X represents

the x-coordinate of the position and V is the velocity in the x-direction. The term —AV is the
“damping” due to the viscosity of the liquid. Whenever |V| gets large, the system acts to reduce |V|.

Theorem [6.3 implies that there exists a unique strong solution to this SDE started at each x, vo.
This is a rare example of an SDFE that we can solve explicitly. By Ito’s formula, we have that

d(eMV;) = eMdV, + AeMVidt = eMdB,
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and so .
MV = Vo + / e dB,.
Rearranging, we have that ’
Vi=e MV + /0 t 4B,
Note that V; has the normal distribution with mean Voe™ ™' and variance (1 —e=2M)/2\. If A > 0,

then V; % N0, (20\)71) as t — co. In particular, N(0,(2X\)~Y) is the stationary distribution for V
in the sense that if Vo ~ N(0, (2\)71) then Vi ~ N(0,(2\)~1Y) for all t > 0.

6.4. Local solutions. A locally defined process (X,T) is a stopping time T together with a map

X:{(w,t) € Q2 x[0,00) : t < T(w)} = R. It is cadldg if ¢t — Xy(w) : [0, T (w)) — R is cadlag for all
we D Let O ={weQ:t<T(w)} Then (X,7T)is adapted if X;: Q; — R is Fy-measurable for all
t. We say that (X, 7)) is a locally defined local martingale if there exist stopping times T}, T T such
that X' is a martingale for all n. We say that (H,n) is a locally defined locally bounded previsible
process if there exist stopping times S, T 7 such that H1(g g, is bounded and previsible for all n.
Then we can define (H - X, 7 An) by

(X - X)Pn N — (H1gg,amy) - XXM, forall n.

t?

Proposition 6.7 (Local Ité formula). Let X' ..., X% be continuous semimartingales and let
X =(XY...,X%. Let U CR? be open and let f: U — R? be C?. Set T =inf{t > 0: X; ¢ U}.
Then for allt < T, we have that

fi&) = f(Xo) +Z/ f X+ Z / Ozmaﬂw X, X

Proof. This follows by applying Itd’s formula to X7» where T}, = inf{t > 0 : dist(X;, U¢) < 1/n}.
Then it is clearly the case that T,, T T as n — oo. O

Example 6.8. Let X = B where B is a standard Brownian motion starting from 1 with d = 1,
U = (0,00), and f(z) = \/z. Then Proposition [6.7 implies that

1t 1t
\/Btzl—i—/ Bs_lﬂds—/ B;3/%ds
2 Jo 8 Jo
fort <T =inf{t >0: B, =0}.

Suppose that U C R? is open and o: U — M de(R) and b: U — R? are measurable functions
which are bounded on compact sets. A local solution to the SDE consists of:

e A filtered probability space (€, F, (F;),P) satisfying the usual conditions.
e An (F;)-Brownian motion B
e A continuous (F;)-adapted locally defined process (X, 7") such that X; = Xo+ fo X;)dBs+

fo s)ds for all t < T.

We say that (X, 7T) is mazimal if for any other local solution (Y, 7) on the same space such that
X;=Y; forall t <T An, we have that n < T.
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6.5. Locally Lipschitz coefficients. Suppose that U C R? is open. Then a function f: U — R?
is called locally Lipschitz if for each compact set C' C U we have that f|c is Lipschitz.

Theorem 6.9. Suppose that U C R? is open and o: U — M¥P>™(R) and b: U — R? are locally
Lipschitz. Then the SDE dXy = o(X;)dBy 4+ b(X)dt has a pathwise unique mazimal local solution
(X, T) started from x € U. Moreover, for all compact sets C C U, on the event {T < oo} we have
that sup{t < T : X, € C} < T.

Lemma 6.10. Let U C R¢ be open, C C U compact. Then:

(1) there exists a C™ function p: RY — [0, 1] such that ¢|c =1 and ¢|ye = 0.
(2) given a locally Lipschitz function f: U — R, there exists a Lipschitz function g: R? — R
such that flc = glc.

Proof. We leave the first part as an exercise. For the second part, we take ¢ as in the second part
and then set g = fo. O

Proof of T heorem- We will assume for simplicity that d = m = 1. Fix ¢ C U compact. By
Lemma we can find Lipschitz functions &, b on R such that dlc = o|c and b\c = b\(; By
Theorem . there exists a pathwise unique strong solution X to dX; = &(X;)dB; + b(X;)dt,
X() =X.

Set T = inf{t > 0: X; ¢ C} and denote by X the restriction of X to [0,T). Then (X,T) is a local
solution in C' and Xp_ exists in U \ C° if T' < co. Suppose that (X,T) and (Y, S) are both local
solutions in C. Consider f(t) = E[sups<garps | Xs — Ys|?]. Then f(t) < co. Let K¢ be the Lipschitz
constant of ¢ and b in C and fix tg < co. Then for t < tg, as in the proof of Theorem we have
that

t
ft) <2KZ(4+ to)/ f(s)ds, t<to.
0
Therefore by Gronwall’s lemma we have that f = 0 and it thus follows that X; = Y; for all t < SAT.

Take compact sets C,, which increase to U and construct for each n a local solution (X,,T") in
Cy, by the above procedure. Then if 7, < oo, we have that X7 = € U\ Cj,. Then T;, 1 T for some
T >0and X = X! for all t < T),. Thus by taking X = X7 for t < T},, we have defined a local
solution (X, 7).

We will now show that (X, 7)) is a unique and maximal. Suppose that (Y, 7) is another local solution
on the same space and, for each n, set S,, = inf{t > 0:Y; ¢ C,}. Then by the uniqueness of the
solution on each C,,, we have that X; = Y; for all t < T,, A S,,. Therefore S,, <T,. As n — oo, we
have that S, Tnand T;, 1 T, hence n < T and X; = Y; for all t <.

We now prove the final assertion of the theorem. Suppose that C7,Cs are compact sets in U with
C1 €05 C Oy CU and also a O function ¢: U — R with ¢|c, =1 and ¢|cg)c = 0. We then set
Ry =inf{t>0: X; ¢ Co}
Sp=inf{t >R, : X; €C1} NT
R,=inf{t > S, 1: X; ¢ C2} N T.
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Let N be the number of crossings that X makes from C5 to C;. on {T < ¢, N > n} we have that

n

n=>Y (p(Xs,) — ¢(Xg,))
k=1

= / D 1(rp50(9) (@' (X)dXs + %g@”(Xs)d[X]s)

0 k=1
t
= / (Hgst + Kgds) =7
0
where H"™ and K™ are previsible and bounded uniformly in n. This implies that

n*Lir<iNony < (2)°
hence 1
P[T <t,N >n] < <E[(Z]")].
n
Note that E[(Z}*)?] < C < oo where C is independent of n as H" and K™ are bounded uniformly in
n and Z;' is defined by integrating H™, K™ over a time-interval which does not depend on n. Thus

by letting n — oo, we see that P[T < t, N = co] = 0. Therefore, on {T < oo}, X eventually stops
coming back to C1, sosup{t < T : Xy € C1} < T. O

Example 6.11 (Bessel processes). Fiz v € R. Consider the SDE in U = (0,00) given by

v—1
dXt—dBt+<2X

>dt, Xg=x9 € U.
t

Theorem implies that there exists a unique mazimal local solution (X, T) in U with liminfy7 X; =
0if T <oo. We call (X,T) a Bessel process of dimension v.

Suppose that v € N and let 5 be a Brownian motion in RY with |Bo| = x¢. Set |Yi| = |5t and
=inf{t > 0: 5, = 0}. By the local Ité6 formula, we have that

(B dB) < )
M= P aEr ) e

Consider Wy = [ (Blﬁ\s )ds, t>0. Then W € Mo and

AWh=15m Z Bigld(B’, B); = dt.
i,j=1

Iﬂ

Therefore, by Lévy’s characterization of Brownian motion, we have that W is a standard Brownian
motion in R. Therefore

dY; = th—i-( )dt t<n.

2Y;
7. DIFFUSION PROCESSES

Suppose that we are given bounded, measurable functions a: R — M?*4(R) and b: R? — R with
a symmetric (i.e., each for each z € R? the matrix a(z) satisfies a(z) = (a(z))T). For f € CZ(RY)
(i.e., the space of C?(RY) functions with bounded derivatives) we set

(7.1) Lf(x):%Za( ) aa:j +Zb

4,j=1
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Let X be a continuous, adapted process in R? We say that X is an L-diffusion if for all f € C? (R9),
we have that

M{ = F(X0) — f(Xo) — /0 Lf(as)ds

is a martingale. We call a the diffusivity and b the drift. If @ and b are clear from the context, we
will sometimes refer to an L-diffusion as an (a, b)-diffusion.

Example 7.1. Suppose that ¢ and b are constant and a = oo’ . Let B be a standard Brownian
motion in RY. Then the process X; = 0By + bt is an (a, b)-diffusion.

One special case of this is when o =1 and b= 0. Then X; = By is an L-diffusion with L = %A.
Proposition 7.2. Suppose that X is a solution to the SDE dX; = o(X;)dB; + b(X¢)dt. Let
fe C;’Q(]RJF x RY) (i.e., the space of functions which are C in the first variable and C? in the
remaining d-variables, with bounded derivatives). Then the process

t/o
M/ = F(t,X0) — £(0, Xo) /O ( 2 L) F(s, X,)ds

is a continuous local martingale where a = oo’ and L is as in (7.1). In particular, if o,b are
bounded, then X is an L-diffusion.

Proof. See Example Sheet 3. O

Proposition gives us a way to construct L-diffusions using solutions of SDEs. In particular, we
suppose that a,b are Lipschitz and bounded and that there exists ¢ > 0 such that

(7.2) (& a(x)€) > E|¢)* for all .

(When holds, we say that a is uniformly positive definite or UPD.) Then there exists a Lipschitz
map o: R — RY with 00T = a. Indeed, if d = 1 then we can take o = Va. For d > 2, we can write
a(z) = w(x)\(x)(u(z))? where A(z) is the diagonal matrix of eigenvalues of a(z) and u(z) consists
of the corresponding eigenvectors. So, in this case, we can take o(x) = u(z)\/A(z)(u(z))”. For such
u and o, Theorem [6.3| implies that the SDE d X1 = o(X;)dB; + b(X;)dt has a solution.

Proposition 7.3. Let X be an L- diffusion and T a ﬁmte stopping time. Set )Z't = X74t and
.7-} Frit. Then X is an L- diffusion with respect to (]:t)t>0

Proof. Consider for f € Cg(Rd) the process
—~— ~ ~ t ~
M = £(%) = £(%o) — [ Li(Rds
Then J\Zf isa ft-adapted and integrable. For A € Fs and n > 0, we note that
E[(M/ — MI)Langr<n] = B(Mf.y, — M{. ) Langr<n] =0

by Letting n — oo, we see that M/ is a martingale. [l
Lemma 7.4. Let X be an L-diffusion. Then for all f € C;’Q(R+ x RY), the process

f bLro
M —f(t,Xt)—f(O,Xo)—/O <88+L) f(s, Xs)ds

s a martingale.



36 JASON MILLER

Proof. We fix T > 0 and consider

Zn = sup |f;(5a Xt) - f(sa Xs)‘ + sup |Lf(87 Xt) - Lf(ta Xt)|
0<s<t<T 0<s<t<T

t—s<1l/n t—s<1l/n

Then Z, is bounded and Z,, — 0 as n — oco. Consequently, E[Z,] — 0 as n — co. We note that:

Mf - mf = (f(t,X» - s x| i, Xt)dr> .
(f(&Xt) — f(s, Xs) = /: Lf(s,Xr)dr> +

/(f(T,Xt)—f(T,XT))dT‘—l—/ (Lf(s, X;) — Lf(r,X,))dr.

Choose sp < 51 < ++- < 8y, with 59 = s and s, =t and sgy1 — sp < 1/n. As the first line of our

formula for Mtf - M sf is zero and the second line has zero conditional expectation given Fy (as X is
an L-diffusion), it thus follows that

K HE[Mf — M] | F]

Sk+1

} < (Sky1 — 58)E[ Zn).
Combining this with the triangle inequality, we thus see that
E[|BM! - M| 7] < (- 5)E[Z0].
As the right hand side goes to zero as n — oo, it follows that E[Mtf | Fs] = M/, as desired. O

Assume that a, b are Lipschitz and that a is UPD: (&, a(z)€) > €|¢|? for all z,£. Let D be an bounded,
open subset of R? with smooth boundary dD. For each € > 0, we let A° = {z € R?: |z — A| < ¢}
Then we have that Leb(A€) = 2eA(A) + o(¢€) as € — 0 where A is the surface area measure on 9D.
We shall assume the following result from PDE.

Theorem 7.5 (Dirichlet problem). For all f € C(0D), p € C(D), there exists a unique function
u € C(D) N C?(D) such that

Lu+¢=0 on D and u=yf on OD.

Moreover, there exist continuous functions m: D x 9D — (0,00) and g: {(xz,y) € Dx D :x # y} —
(0,00) such that for all such f and ¢ we have that

u(z) = /D oz 1) (y)dy + /a Tl pAd).

We call g the Green kernel and m(x,y)A(dy) the harmonic measure on 9D starting from z.
Theorem 7.6. Suppose that u € C(D) N C?(D) satisfies

Lu+¢=0 on D and u=yf on 0D
with f € C(OD), ¢ € C(D). Then for any L-diffusion starting from x € D, we have that

T
o) =B, | [ pxds + 10xn)]
0
where T'=1inf{t > 0: Xy ¢ D}. In particular, for all Borel sets A C D and B C 0D, we have that

E, [/OTl(XSEA)ds} :/Ag(a:,y)dy and P,[Xr € B] :/Bm(a:,y))\(dy).
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Proof. Fix n > 1 and set T,, = inf{t > 0: X; ¢ D, } where D,, = {x € D : dist(z, D) > 1/n} and
consider the process

AT
M; = w(Xinr,) — u(Xo) —|—/ o(Xs)ds.
0
There exists u € CZ(R?) with u = on D,,. Then M = (M%)T» where
~ ¢
MF = (X))~ 1X0) - [ LaCx)ds
0
so M is a martingale by Hence,
AT
(7.3) u(z) = E, [u(XtATn) + / @(Xs)ds} .
0

Consider the case ¢ =1 and f = 0. Then
E.[Tn At] = u'0(z) — Ey[u*(Xiar, )]

Since 'Y is bounded and T;, T T', we deduce by the monotone convergence theorem that E,[T] < 0.
Returning to the general case, we can let ¢ — oo and n — oo in (7.3)). Since u is continuous on D,
we have that u(Xiar,) — f(X7). Also, t AT, 1T and

e | ' () ds| < lpleelT] < o

We obtain by dominated convergence that

e[| o ocxgas| . | [ ' ox)as).

u(x) = E, [f(XT> 4 /O : go(Xs)ds} .

Finally, we have for all ¢ € C(D), f € C(9D) that

Consequently,

E, { / C(X)ds + f<XT>] = [ menswnan + [ s

D

We let ¢, = 14 and f,, — 1p to obtain the final result. O

Theorem 7.7 (Cauchy problem). For each f € CZ(RY), there exists a unique u € 05’2(R+ x RY)
such that

ou d d
a:Lu on Ry xR* and u(0,...)=f on R
Moreover, there exists a continuous function p: (0,00) x R x RY — (0,00) such that for all
f € C3(RY), u is given by

uta) = [ o) i)

In the setting of Theorem the function p is called the heat kernel.
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Theorem 7.8. Assume that f € CZ(RY). Let u € C’;’Q(R+ x RY) satisfy

?::Lu on Ry xRY and w(0,..)=f on R<

Then, for any L-diffusion X, for allt € Ry, x € R?, s < t, we have that E[f(X;) | Fs] = u(t — s, X).
Hence, u(t,z) = E[f(X}:)] and under P, the finite dimensional distributions of X are given by

Px[th S dibl, ... ,th S dl‘n] = p(tl, xo, 1}1) .. 'p(tn — tnfl,th_l,th)d.Il ce dl‘n

forO<ty < --- <ty and x1,...,z, € R
Proof. Fix t € (0,00) and consider the function g(s,z) = u(t — s, z). Note that

<g£ + L> g(s,x) = —u(t — s,x) + Lu(t — s,2) = 0.

Consequently, M? = g(s, X5)—g(0, z0) is a martingale. This implies that E[f(X;) | Fs] = u(t—s, X5).
Taking s = 0 and X = x implies that E[f(X;)] = u(¢,z). This proves the first part of the theorem.

For the second part of the theorem, we set

Puf(@) = [ ol r)ds = u(t.o)

By the uniqueness of solutions to the Cauchy problem, we have that Ps(P;f) = Psttf. We claim by
induction on n that

E.,

11 fi(Xti)] = / p(t1, 20, 21) fr(z1) -+ ptn — tn—1, Tn—1, Tn) fr(an)dzy - - - dzy.
i1 (Rd)n

For the induction step, we use that

n n—1
Eao | [ ] £i(X2,) |ftn_1] = (H fi(Xti)> Elfn(Xe,) | Fr,-1]
i=1 i=1
n—1
= (H fz‘(Xti)Ptn—tn1> fo(Xe, ),
i=1
and then apply the n — 1 case. O

Theorem 7.9 (Feynman-Kac). Let f € CZ(R?) and V € Cy(RY). Suppose that u € C’;Q(RJr x R%)
satisfies the PDE

1
?;:2Au+Vu on Ry xR and u(0,)=f on R<

Then for all zt € Ry, x € R we have that

u(t,z) = By [ F(B) exp < /0 t V(Bs)dsﬂ

where B is a standard Brownian motion.

E; = exp </Ot V(Bs)ds> .

Proof. Let
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Fix T € (O o0) and set My = u(T — t, By) E;. By Itd’s formula, we have that

o1

So, M is a local martingale which is uniformly bounded on [0,7] as u € Cb1’2(]R+ x R%) and V is
bounded on [0,7]. Therefore M is a martingale. Hence,

u(T,z) = Mo = E.[Mr] = E.[f(Br)Er],
as desired. -

8. COMPLEMENTARY MATERIAL

8.1. Existence of solutions to SDEs with continuous coefficients.

Theorem 8.1. Consider the SDE dX; = b(X;)dt + o(X;)dB; where b: R — R? and o: R —
M™*4(R) are bounded and continuous functions. Then for each x € R?, there exists a weak solution
started from x.

Suppose that b: R - R?, ¢: R — M dXd(R) are bounded and measurable. Let a = oo’ and
d

1
Lf(a:):§ZaU( 8%8% +Zb axz

4,j=1 =

A solution to the so-called local martingale problem associated with L is a continuous, adapted
process X such that

t
Mf = X~ £(X0) ~ [ LX)
0
is a continuous local martingale for every f € CZ(R%).

Theorem 8.2. The existence of a solution to the local martingale problem associated with L is
equivalent to the existence of a weak solution to the SDE dX; = o(X;)dB; + b(X})dt.

Proof. See Example Sheet 3, exercise 9. g

Proof of Theorem[8.1, For each j > 0 and n € N, we let {7 = 27"j and let ¢, (t) = ¢} for
t € [t},t7,). We recursively define
X[ = X%L + b(Xt’?)(t — 1) + U(X%L)(Bt — Byn) for j=>0, tj<t<tj,

with Xo = z. Then X}* solves the integral equation

t t
0 0

By Example Sheet 4, exercise 9, we have that for each m € N and T > 0 there exists a constant
C > 0 such that

supE[| X[ — X" < C(t —s)™, forall 0<s<t<T.
n>1

This implies that, for each T' > 0, the family of laws (X"|g7]) is tight with respect to the uniform
topology (i.e., the topology of C([0,T],R%)). Therefore we can find a subsequence (X™*) such that



40 JASON MILLER

for each T > 0, the law of X™*|(y 7 converges to the law of a limiting process X restricted to [0, T].
By the Skorohod representation theorem for weak convergence, we may assume that (X" ) and X
are defined on a common probability space so that for each T" > 0 we have that X"*|j, 7 converges
uniformly to X|o 7).

To show that X satisfies dX; = b(X;)dt + o(X)dBy, it suffices to show that f(X;) — f(Xo) —
fo Lf(Xs)ds is a continuous martingale for each f € CQ(Rd) which is bounded. To show this, it

suffices to show that for all 0 < s < t and bounded, continuous functions g: C([0, 00), R?) — R such
that g(y) only depends on yl[g 4, we have that

(s.1) e [(700 - 10 - [ L)) o] <o

By the construction of X™*, we know that

t
(8.2) E Kf(ka) - s - [ LZf(X’J’“)du> g<X>] 0
for all £ where
o 1< o 0f
Lut ) = 2 '21 @i (ka (u) axzam] )+ Z bil wnk(“ Oz; B, )
1,]=

To finish the proof, it therefore suffices to show that

t t
Fop = FOXI%) — fF(X2) - / LIE(XM)du — F = F(X;) — f(Xs) — / LE(X)du as koo

Indeed, then we have that (8.1)) by (8.2) and the bounded convergence theorem. Since we know
that X™ — X as k — oo uniformly on each compact subset of [0, 00), we in particular have that
FOXE*) = f(Xe) and f(XJ*) = f(Xs) as k — oo.

We can write,
t t
[ sy [ Li)d

- / (L% — L) F(X™)du + / LAX™) — Lf(X,)du

Note that the second term on the right hand side tends to 0 as k — oo by the convergence of X"+
to X. As for the first term, note that we can write
o= L) F(XF)
d 92 f d
. Nk nk _ b _J Nk

i=1

(L
1
5

Hence, (L7 — L) f(X]*) is bounded and tends to 0 on [s,t] as k — oo by the uniform convergence
of X" to X on [s,t]. O
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8.2. Yamada-Watanabe criterion for pathwise uniqueness and its consequences.

Proposition 8.3 (Yamada and Watanabe). Consider the SDE dX; = b(X;)dt+ o (X;)dB;. Assume
that the coefficients b, o satisfy the conditions

b(x) = b(y)| < K|z —y| and |o(x) —a(y)] < h(lz—yl)

where K > 0 is a constant and h: [0,00) — [0,00) is strictly increasing with h(0) = 0. Assume
further that

|
——du =00 forall €>0.
| w I

Then pathwise uniqueness holds for the SDE.

Proof. Due to the conditions imposed on h, there exists a strictly decreasing sequence (ay,) in (0, 1]
with ag = 1, lim;,, s a, = 0, and fjn”_l h=2(u)du = n for all n. For each n, we can find a continuous

function p, supported in (ay,,a,_1) so that 0 < p,(x) < 2/(nh?(x)) for all 2 and faa:” pn(z)dx = 1.

Let
lz|  ry
:/ /,on(u)dudy, z € R.
0 0

Then v, is even, C?, [¢'| < 1, and lim,, 00 ¥ (7) = || for = € R.

Suppose that X', X? are two solutions to the SDE with X& = Xg. By localization, we may assume
that

t .
E/ lo(X))|?ds < 0o for i=1,2 andall t>0.
0
Let
t t
Ay =X} — X2 = / b(XY) — b(X)ds + / o(XH) - o(X2)aw.
0 0

By Ito’s formula, we have that
t
o0 = [ una) (el - ) dst
t
3 | A0 xh) — (2 Pas

t
[0 e0en - ox2)as,
=1} + I} + 1.

By the martingale property, we have that E[I}] = 0. We also have that

E[1f] = E / (A (0(XD) — o(X2))ds

<3 [ s as
t

TL
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Consequently, we have that
¢
t
B[, (A0)) <E [ 0(8) (60X - b(XD)ds +
0

t
t
§K/ |Aglds + —.
0 n
Sending n — oo, we thus have that
t
E|A] < K/ E|Aglds for all t>0.
0

The Gronwall inequality therefore implies that A; = 0 for all £, which completes the proof. O
Example 8.4. Fiz § € R and consider the SDE
dZy = \/|Z|dBy + ddt.

This is the so-called square Bessel equation of dimension §. Its importance is that if Z solves this
SDE, then \/Z solves the Bessel SDE of dimension 8. This is how solutions to the Bessel SDE are
constructed, even after they hit 0. Theorem [8.1) implies that this SDE has a weak solution started
at z for each x € R and Proposition [8.3 implies that the SDE has pathwise uniqueness. We are
now going to show that weak existence and pathwise uniqueness imply that there is a unique strong
solution.

Proposition 8.5. Pathwise uniqueness implies that we have uniqueness in law.

Proof. See Example Sheet 3, problem 5. O

Theorem 8.6. Consider the SDE dX; = o(X;)dB:+b(X;)dt. If it has a weak solution and pathwise
uniqueness, there is a unique strong solution.

Proof. Suppose that (X!, B!) and (X2, B?) are two solutions defined on possibly different probability
spaces. Our first goal is to put them on the same space so that they are driven by the same Brownian
motion instance. In order to do so, we:

e Sample a standard Brownian motion B.
e Sample X' from its conditional law given B! = B.
e Sample X? from its conditional law given B? = B.

In this procedure, we take X! and X? to be conditionally independent given B. In other words, for
all events A' and A2, we have that

PX!' € A', X? € A%|0(B)] = P[X' € A'|0(B)|P[X? € A% |o(B)].

We leave as an exercise the following useful fact. Suppose that X,Y are random variables which
are conditionally independent given a o-algebra G such that X =Y almost surely. Then X =Y is
G-measurable.

Pathwise uniqueness implies that X! = X? almost surely. Therefore the exercise implies that
X! = X? is o(B)-measurable. The same argument applied to X 1|[07ﬂ, X 2|[07ﬂ, and Bljg, implies
that X1|[07t] = le[o,t] is o(Bljo,)-measurable. This says that X' = X? is adapted to the filtration
generated by B, hence we have a strong solution. ([l
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8.3. The Kazamaki and Novikov integrability conditions for exponential martingales.
Recall that if M € M, joc, we defined E(M); = exp(M; — [M],/2). This is the exponential local
martingale associated with M. By construction, £(M); is always a continuous local martingale.
Moreover, it is not difficult to see using Fatou’s lemma that £(M); is a supermartingale. In order
to apply the Girsanov theorem, it is important that £(M); is a genuine martingale. To show that
this is the case, we just need to show that E[€(M)¢] =1 for all ¢ > 0. Previously, we showed that a
sufficient condition is that [M]. < C for some constant C. We will now relax this condition.

Theorem 8.7 (Kazamaki condition). Suppose that M € M o.. If
Eexp([M]:/2) < oo forall t>0

then
E[Z) =1 forall t>0 where Z;=E(M,).

In particular, Z; is a martingale.

Proof. For each s > 0, we let 7, = inf{¢t > 0 : [M]; > s}. By the Dubins-Schwartz theorem,
the process By = M, is a Brownian motion for the filtration G, = F,,. For each b < 0, we let
Sy = inf{t > 0: By — s = b}. Then we have that

Elexp(Bs), — 5b/2)]

[eXp(BSb — S, + S5y — Sb/Q)]

[exp(b + Sb/2)].

1

E
E

Rearranging, we thus see that
Elexp(8s/2)] = exp(—b).

Conisder the martingale Y; = exp(Bs — s/2) and let Ny = Y;5g,. As N is a martingale and
P[S, < oo] = 1, we have that

Ny = tlim Ng = exp(Bg, — Sp/2).
— 00
As E[Ny] = 1, it follows that for any stopping time R we have that
E[exp(BR/\sb —RA Sb/2)] = E[NR] =1.

As [M]; is a stopping time for (Gy), it follows that for any stopping time b < 0 and ¢t > 0 we have
that

1 =E[1g,<n, exp(b + Sp/2)] + E[1[ag), <, exp(M; — [M]/2)].

The first expectation is at most e’E[exp([M];/2)] — 0 as b — —oo. The second expectation converges
to E[Z;] by the monotone convergence theorem. Therefore E[Z;] = 1 for all ¢ > 0. O

Corollary 8.8 (Novikov). Let B be a d-dimensional Brownian motion and X',... X% locally
bounded and previsible. If

1 t
(8.3) E [exp (2/ HXS||2ds>] <oo forall t>0
0

then Z; = exp <f(f X dBs — %fg HX5H2d8> is a martingale with EZ; =1 for all t > 0.
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Corollary 8.9. The previous corollary holds if (8.3)) is replaced by the following assumption. There
exists a sequence of real numbers (t,) with 0 =ty <ty < --- < t, T 0o such that

1 [t
exp (2 / ||Xs||2ds)
n—1

Proof. For each n, we let X' = (X[ 1y, 4 (t),..., Xtdl[tn,l,tn))- Then

7 =€ (/ X;"‘st>
t

is a maritngale by the previous corollary. Thus,
E(Z | Fi, =2 =1 forall neN.

1

E < oo forall neN.

Consequently,

E[Ztn] = E[Ztn—lE[ZZ:l |]:tn—1]] = E[Ztn—l] for all n € N.
By induction on n, we thus have that E[Z; | = 1 for all n. A similar argument implis that E[Z;] = 1
for all n, and therefore Z is a martingale. O
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