ON THE AUTOMORPHY OF [-ADIC GALOIS
REPRESENTATIONS WITH SMALL RESIDUAL
IMAGE

JACK THORNE

ABSTRACT. We prove new automorphy lifting theorems for essen-
tially conjugate self-dual Galois representations into GL,,. Existing
theorems require that the residual representation have ‘big’ image,
in a certain technical sense. Our theorems are based on a strength-
ening of the Taylor-Wiles method which allows one to weaken this

hypothesis.
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2 J. THORNE

INTRODUCTION

In this paper we prove new automorphy lifting theorems for essen-
tially conjugate self-dual Galois representations into GL,,, over CM
imaginary fields. The main improvement on existing lifting theorems
is to weaken the hypothesis ‘big’ slightly.

We follow the structure of the arguments of [CHT0S] closely. Broadly
speaking, in order to prove an automorphy lifting theorem one proceeds
as follows. Given a residual Galois representation, one can construct
a universal deformation ring R classifying deformations with certain
properties (e.g. de Rham, ramified at only finitely many places). On
the other hand, a space of automorphic forms gives rise to a Hecke
algebra T, and there is a map R — T which classifies the ‘universal
automorphic deformation’. Omne hopes to show that this is in fact
an isomorphism, thereby showing that all the deformations of a given
residual Galois representation of fixed type arise from automorphic
forms. (This is not always possible in practice, but approximations to
R =T type results still yield useful information).

An essential step in the proof is the introduction of auxiliary sets
of primes, in what are called ‘Taylor-Wiles systems’. The existence of
primes satisfying the relevant criteria is a problem in Galois cohomol-
ogy, and a positive solution can be given when the image of the residual
representation satisfies a corresponding hypothesis.

The condition used in [CHTO8| was that the image of the residual
representation was ‘big’, in a certain technical sense. The main in-
novation in this paper is to allow more general types of ramification
at the primes of our Taylor-Wiles systems, which allows us to weaken
the restrictions on the image of the residual representation. We call
subgroups satisfying this new condition ‘adequate’.

This new condition is often satisfied in practice. In particular, we
show in the appendix that, working with an n-dimensional represen-
tation in characteristic [, it is satisfied whenever [ > 2(n + 1) and the
representation is absolutely irreducible.

The arguments in this paper can be used to strengthen all existing
automorphy lifting theorems for GL,,. We have chosen to generalize two
existing automorphy lifting theorems, with an eye towards applications
to potential automorphy (cf. [BLGGT]). First, we give a minimal
lifting theorem, applicable in situations where an R = T type result is
still inaccessible. Second, we give a strengthening of one of Geraghty’s
ordinary lifting theorems (cf. [Ger]) which is useful, for example, in
changing the weight.
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We now give an outline of the contents of this paper. In the first
section we recall some results on the Galois representations associated
to automorphic forms. In section 2, we recall the definition of ‘big’ and
give the definition of ‘adequate’ subgroups.

In section 3, we recall some foundational material from [CHTO8] on
the deformation theory of Galois representations valued in the group
G, (whose definition is recalled below). We also take the opportu-
nity to define some local deformation problems that are used later.
These definitions have been heavily inspired by the papers [Tay08] and
[BLGGI1].

In section 4, we define the new local deformation problem that is used
in the definition of the Taylor-Wiles systems, and prove the existence
of such systems under the hypothesis that the image of the residual
representation is adequate. Then in section 5 we perform the local
calculations on the automorphic side needed in order to be able to con-
struct the Hecke modules in the Taylor-Wiles patching argument. This
is the technical heart of the paper, and contains the only essentially
new material.

In sections 6 and 7 we use these calculations to deduce an automor-
phy lifting theorem in the ‘minimal’ case. Then in sections 8 and 9 we
use these calculations again to extend Geraghty’s ordinary lifting theo-
rems. In section 10 we prove some technical results on the finiteness of
certain deformation rings that we hope will be useful to other authors.

Finally in the appendix we give a discussion of the properties of
adequate subgroups.

Acknowledgements. I would like to thank my advisor Richard Tay-
lor for drawing my attention to these problems and for many helpful
conversations. I would also like to thank Florian Herzig for comments
on an earlier draft of this paper.

NOTATION

If F is a field of characteristic zero, we write G for its absolute
Galois group. If F//FT is a quadratic extension of such fields, we write
dp/p+ for the non-trivial character of Gal(F#/F*). We write ¢ : Gp —
Z[ for the l-adic cyclotomic character. If the prime [ is understood,
we will write ¢, = e.

We fix an algebraic closure Q, of Q;. If F is a number field and y
is a character Ay/F* — C* of type Ay (i.e. the restriction of x to
(F ® R)g is given by [[. g 2% for some integers a,), and ¢ is an
isomorphism Q; = C, then we write 1. (x) for the associated character
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of Gp — @ZX, given by the formula

o ) oArte) @) [T w% ) =x@) [ ar

T€Hom(F,C) T€Hom(F,C)

where Artp is the global Artin map
Artp = HArth AL — G,

We normalize the local Artin maps Artp, to take uniformizers to geo-
metric Frobenii.

If F, is a finite extension of Q; inside Q;, we will write O, for its
ring of integers and k(v) for its residue field. We will write Frob,
for the geometric Frobenius element in G, /Ir,. Suppose that p :
G, — GL,(Q,) is a continuous representation, and take an embedding

v

7 : F, — Q. We write HT,(p) for the multiset of integers whose
elements are the integers i such that gri(p @, p, Bar)®" # 0, with
multiplicity dimg, gr*(p ®.r, Bar)“™. Thus, for example, we have
HT,(e) = {—1} for any 7.

If 7 is an irreducible admissible representation of GL,(F,) over Q,
then we will use the notation () introduced on page 81 of [CHTO0S]
to denote the [-adic representation associated to 7w under the local
Langlands correspondence, when it exists.

If F is a number field and p : G — GL,(Q,) is a continuous rep-
resentation, and 7 : F — Q;, we write HT,(p) to mean HT:(p|g,, ),
where v is the place of F' induced by the embedding 7. Thus for the
character r;,(x) defined above, we have

HTT(”,L(X)) = {—a.}.

We write Z} C Z™ for the set of tuples A = (A1,...,\,) of integers
with \y > - > \,.

If p: G — GL(V) is a representation of a group G on a vector
space V, then we write ad p (resp. ad” p) for the representation of G
on End V' given by conjugation by p (resp. the subspace of trace zero
endomorphisms).

1. AUTOMORPHIC FORMS ON GL, AND THEIR ASSOCIATED (GALOIS
REPRESENTATIONS

This paper is dedicated to proving that certain Galois representations
are automorphic. In this section we briefly review what this means.

Suppose that F' is an imaginary CM field with totally real subfield
F*. Let ¢ be the non-trivial element of Gal(F/F*). Consider a pair
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(7, x), where 7 is a cuspidal automorphic representation 7w of GL,,(Ag)
and x a character of A%, of type Ay. We say that (m,x) is RAECSDC
(regular, algebraic, essentially conjugate self-dual, cuspidal) if:
(i) ™= 7Y ® (x o Ng/p+ odet).
(i) xo(—1) = (=1)" for each v | co.
(iii) The infinitesimal character of 7., agrees with the infinitesimal
character of an algebraic representation of Resg GL,.

(Note that this differs slightly from the definition given in [BLGHTTI]).
Take A € (Z")Hom(EO) | We let =, be the algebraic representation of
GLSOIH(F ‘©) which is the tensor product of the irreducible representa-
tions with highest weight .. If 7, has the same infinitesimal character
as =Y, then we say that 7 has weight \.
Let C be an algebraically closed field of characteristic zero. If w € 7Z,
We write (Z7)o""") ¢ (zn)Hom(EC) for the set of A with

)\’T,i + )\Toc,n+1—i =w

for each 7. Note that if A is the weight of a representation 7 as above

then A must lie in (Z")a™ "% for some w.
The following theorem is [BLGHTT1], Theorem 1.2.

Theorem 1.1. Let (m,x) be as above, and choose an isomorphism
v Q — C. Then there exists a continuous semisimple representation
r., : Gp — GL,(Q)), uniquely characterized by the following properties:

(i) 71, ()" = 1, (7)Y " (X) |6
(ii) For each place v {1 of F we have

(r(m) |G, )** = m(c i)Y (1 — ).

(iii) For each place v | I of F, r,(7)|g,, is de Rham. If m, is
unramified, then it is even crystalline. Moreover, we have for
each 7 : F — C,

HTL—lr(Tl,L<7T)) = {)\T,j +n— j}j:l,...,n-

Consider a representation p : Gp — GLy(Q;). Given a choice of
A € (Zn)HemEQ) [ we write 1A € (Z7)Hom(FO) for the element with

(L*/\)T,i = )\L’T,Z"

If p satisfies the conditions characterizing r;,(7) above for some 7 and
¢, with 7 of weight ¢, A\, then we say that p is automorphic of weight X.

In Definition 5.1.2 of [Ger] it is defined what it means for an au-
tomorphic representation m as above to be t-ordinary. If we have a
representation p : Gp — GL,(Q;) and an isomorphism p 2 r;,(7) for
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some ¢ and some ¢-ordinary RAECSDC representation 7, then we say
that p is ordinarily automorphic.

Finally, if L/F is an extension of CM imaginary fields, and A €
(zn )Hom(FC) | then we define Ay, € (Z7)1mEO) by (Ar), = Arj,. We
recall the following ([BLGHT11], Lemma 1.4).

T|F-

Lemma 1.2. Suppose that L/ F is a soluble extension of CM imaginary

fields. Let x : Gp+ — @lX be a continuous character with x(c,) inde-
pendent of v|oo, and let r : Gp — GL,(Q;) be a continuous semisimple
representation with r¢ = rVel~"x. Suppose that r|q, is irreducible and

automorphic of weight . Then:

(i) There exists A € (Z72)1onFQ) sych that = Ap.
(i) 7 is automorphic of weight \.

2. BIGNESS REVISITED

Let k£ be a finite field of characteristic [, and let G be a subgroup
of GL, (k) = GL(V'), which acts absolutely irreducibly in the natural
representation. We assume that k is large enough to contain all eigen-
values of all elements of G. If ¢ € G and o € k is an eigenvalue of
g, then we write e, , : V' — V for the g-equivariant projection to the
generalized a-eigenspace.

We recall the following definitions from [CHTO0S].

Definition 2.1. G,, is a group scheme over Z, defined as the semi-direct
product of GL,, x GLy by the group {1, j}, which acts on GL,, x GLy by
(g m)i~t = (u'g™" ).

We write v for the natural homomorphism G, — GL; which takes (g, 11
to pu and j to —1, and G° for the connected component of G,. Note that
G, acts naturally on Lie GL,, C LieG,. We will sometimes write this

representation as ad V.

Definition 2.2. Let G be as above. We say that G is big if the fol-
lowing conditions are satisfied:

H°(G,ad’ V) = 0.

HY(G,k)=0.

HY(G,ad" V) = 0.

For every irreducible k|G]-submodule W C ad’V, there exists
an element g € G with a multiplicity one eigenvalue o such

that treg W # 0.

Similarly, we say that a subgroup G of G, (k) is big if it satisfies the
following conditions. Let G° = G N G2(k).
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H°(G,adV) = 0.

HY (G k) =0.

HY(G,adV) = 0.

For every irreducible k[G]-submodule W C ad V', there exists
an element g € G° with a multiplicity one eigenvalue o such

that treg W # 0.

We remark as in [CHTO08] that if G/G° surjects onto G, (k)/G2(k) and
GV is big then G is big. We now make the following revised definitions:

Definition 2.3. Let G C GL(V) be as above. We say that G is ade-
quate if the following conditions are satisfied.
e H'(G,ad’ V) =0.
e H'(G,k)=0.
e H'(G,ad’V) = 0.
e For every irreducible k[G]-submodule W C ad’V, there exists
an element g € G with an eigenvalue o such that trey W # 0.

Similarly, we say that a subgroup G of G, (k) is adequate if it satisfies
the following conditions. Let G° = G N GY(k).
H°(G,adV) = 0.
HY (G k) =0.
HY(G,adV) = 0.
For every irreducible k[G]-submodule W C adV, there exists
an element g € G° with an eigenvalue o such that tr ey ,W # 0.

Thus the only difference between ‘adequate’ and ‘big’ is that we no
longer require the eigenvalue o to have multiplicity one. We have the
following.

Lemma 2.4. (i) Big = adequate.
(ii) Suppose that ! > 2(n+1). If G is a subgroup of G, (k) which
surjects onto G,(k)/GO(k), and G° acts absolutely irreducibly,
then G is adequate.

Proof. The first part is obvious. For the second, it is proved in the
appendix that when [ > 2(n + 1), any subgroup of GL,, (k) which acts
absolutely irreducibly is adequate. The result now follows from the
remarks above. U

3. DEFORMATIONS OF (GALOIS REPRESENTATIONS

In this section we recall from [CHTO08] some of the concepts that we
will need relating to deformations of Galois representations valued in
G,. Let F be an imaginary CM field with totally real subfield F*. We
fix a finite set of places S of F'* which split in F' and write F'(S) for
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the maximal extension of F' unramified outside S. We write Gp+ g =
Gal(F(S)/FT) and Grs C Gr+ s for the subset of elements fixing F.
For each v € S we choose a place v of I’ above it, and write S for the
set of these places.

We fix a finite field £ of characteristic [ and a representation 7 :
Gr+s — Gu(k) such that Gpg = 7 1(GL, x GL;(k)). Let K be a
finite extension of Q; in Q, with ring of integers @, maximal ideal A,
and residue field k. Choose a character x : Gp+ g — O such that
vor =x. We will consider deformations of 7 to objects of Co, the
category of complete Noetherian local O-algebras with residue field k.
If v € S, we write F|GF5 for the composite

Gr. — Gps — Go(k) — GL, (k).

Definition 3.1. A lifting of T (resp. 7|, ) to an object R of Co is
a continuous homomorphism r : Gp+ s — G,(R) (resp. r : Gp, —
GL,(R)) with r mod mp =T (resp. =T|g, ) and vor = x (resp. no
further condition). Two liftings are said to be equivalent if they are
conjugate by an element of 1 + M,(mgr) C GL,(R). An equivalence
class of liftings is called a deformation.

Let T C S. By a T-framed lifting of 7 to R we mean a tuple
(7; w )ver where 1 is a lifting of T and o, € 1+ M,(mg). We call
two framed liftings (r; cw,) and (1'; o) equivalent if there is an element
B € 1+ M,(mg) with ' = pr3=' and o, = Pa,. By a T-framed
deformation of 7 we mean an equivalence class of framed liftings.

Definition 3.2. If v € S then we define a local deformation problem
at v to be a subfunctor D, of the functor of all liftings 0fF|GF5 to objects
of Co satisfying the following conditions:
(i) (k,7) € D,.
(ii) Suppose that (Ry,71) and (Ra,12) € D,, that Iy (resp. (I3)) is
a closed ideal of Ry (resp. Ry) and that f : Ry/I; — Ry/I5 is
an isomorphism in Co such that f(r; mod I;) = ro mod Is.
Let R3 denote the subring of Ry X Ry consisting of pairs with
the same image in Ry/1; = Ry/Is. Then (Rs,r1 X r9) € D,.
(iii) If (R;,r;) is an inverse system of elements of D, then

(lim R;,limr;) € D,,.
(iv) D, is closed under equivalence.

(v) If R C S is an inclusion in Co and if r : Gp — GL,(R) is a
lifting of 7 such that (S,r) € D, then (R,r) € D,.

We recall (cf. [BLGHTTI], Lemma 3.2) that to give a local defor-
mation problem, it suffices to give a quotient R of the universal lifting
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ring R™ of 7|y, which is reduced, and such that the defining ideal of
R is invariant under the natural conjugation action of 1 4+ M, (mzo).

Given a collection of deformation problems D, for v € S, we have a
(global) deformation problem

S = (F/F+, S.5.0.7 {Dv}v€5> .

Definition 3.3. Let T' C S. We call a T-framed lifting (7; ay)ver of
T of type S if for all v € S, the restriction T|GF§ lies in D,. We say
that a T-framed deformation is of type S is some (equivalently any)
element of the equivalence class is of type S.

We let DefET denote the functor which associates to an object R of
Co the set of all T-framed deformations of 7 to R of type S. If T' =S5
then we refer to framed deformations and write DefE. If T =0 we
refer to deformations and write Defg.

If R, denotes the ring representing the local deformation problem D,,
then we write

R‘ls?,cT = ®v€TRv-
The following is [CHTO0§|, Proposition 2.2.9.

Proposition 3.4. Suppose that T|a, s is absolutely irreducible. Then
the functors DefET,DefE,Defg are represented by objects of Co. We

write respectively RET, RE and RY™ for the representing objects.
Local deformation problems in the case | = p. Here we define
some local deformation problems that will be useful later. Fix a finite
extension L, of ;. Assume that K is large enough to contain every
embedding of L, in Q,. Now fix a representation p : G, — GL,(k),
and write p” : G, — GL,(R") for the universal (unrestricted) lift-
ing. Given an element A € (Z7)Hom(eK) we define for every 7 €
Hom(L,, K) a multiset of integers

HT - {)\T,j +n— j}j:l ..... n-

Theorem 3.5. Let A\ be as above. There exists a reduced [-torsion
free quotient R)>°" of RB, uniquely characterised by the property that
a homomorphism ¢ : RSP — Q, factors through R} if and only if
p=Cop”: G, — GL,(Q) is crystalline, with HT,(p) = H, for each
T: L, — Q.

Moreover, Spec Ry<"[1/1] is formally smooth over K and equidimen-
stonal of dimension n* + in(n — 1)[L, : Q.

Proof. This is deduced in [BLGGI1I] from the theorems of [Kis08]. O
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Note in particular that the ring R} defines a local deformation
problem. There is also a potentially crystalline version:

Theorem 3.6. Let A\ be as above, and let L. be a finite extension

of L,. There exists a reduced l-torsion free quotient RyFer of RV,
uniquely characterised by the property that a homomorphism ¢ : RY —
Q, factors through Ryt if and only if p = (o p~ : G, — GL,(Q,)
is de Rham with HT,(p) = H, for each T : L, — Q,, and moreover
P|GL4) is crystalline.

Moreover, Spec Ry™ “"[1/1] is equidimensional of dimension n* +
sn(n —1)[L, : Q.
Proof. This also follows in a straightforward manner from the results
of [Kis08]. O
Definition 3.7. Let p1,p2 : G, — GL,(O) be continuous lifts of p.
We write p1 ~ po if the following are satisfied:
(i) There exists A € (Z")HomvK) and q finite extension L. /L,
such that both py and py correspond to points of Ry~
(ii) p1 and py give rise to closed points on the same irreducible
component of Spec Ry™ ™" @0 Q.

Note that p; ~ po implies that pl\G%, ~ pg\G%, for any finite exten-
sion L./ L,.

Suppose that C is an irreducible component of Ri"% @0 Q;. Then
we write R for the maximal reduced, [-torsion free quotient of R, Ly—er
such that Spec R} ®0 Q, is equal to this irreducible component. (This
exists provided that K is large enough, which we always assume).

Lemma 3.8. Say that a lift (p, R) is of type D if the induced map
R" — R factors through R)}C. Then DS is a local deformation problem.

Proof. The proof is identical to that of Lemma 1.2.1 of [BLGGT]. O

Definition 3.9. Let A € (Z1)HomK)  We say that a continuous
representation p : Gp, — GL,(O) is ordinary of weight \ if:
(i) There exists a increasing invariant filtration Fil' of O™, with
each gr'* O™ an O-module of rank one. Write x; for the char-
acter Gr, — O* giving the action on gr' O".
(ii) For every a € L} sufficiently close to 1, we have

(xi 0 Artp, (o)) = H(T(a>>*(/\r,n—i+1+ifl).

T

We say that p is ordinary if it is ordinary of some weight.
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Thus HT,(p) = H., whenever p is ordinary of weight \.

Theorem 3.10. Suppose p is the trivial representation. Write A, for
the completed group ring of the group I (1), where (1) denotes pro-
[ completion. There exists a reduced l-torsion free quotient Rfv’ar of
A, ®oRP satisfying the following properties:
(i) Let X = (X1,---,Xn) denote the universal n-tuple of characters
of I{(1). Let ¢ : Rfv’m — @, be a continuous homomorphism.
Then ¢ o pD 15 conjugate to a representation

X1 * * *
0 x2 ... * *
0 0 ... xn1 *
0O 0 ... 0  xn

where X|ILU = (Xllva’ s 7Xn|ILU) - C © %
(ii) Let Q be a minimal prime of A. Then Rfv""/Q is trreducible.

Moreover, Rfv’m defines a local deformation problem.
Proof. This is all proved in [Ger]. O

Finally we define a lifting ring which classifies representations which
are both ordinary and semistable.

Theorem 3.11. There erists a reduced l-torsion free quotient Rj*5-°
of RP such that if ¢ : RP — Q, is a homomorphism, then ( factors
through R)>*°" if and only if:

(i) Co p" is ordinary of weight .

(ii) ¢ o p" is semistable.
Moreover, Spec R} is equidimensional of dimension n? + %n(n —

1)[LU . Ql]

Proof. This follows from the results of [Ger], Section 3 (where the ring
Rssord ig denoted R& ), O

Local deformation problems in the case [ # p. Let L, be a finite
extension of Q,. Let p: G, — GL,(O) be a continuous representation.
Let RP denote the universal (unrestricted) lifting ring. Then R0 Q,
is equidimensional of dimension n? (see [Gee]). Let C be an irreducible
component or a set of irreducible components. Then we will write RS
for the maximal quotient of RY which is reduced and I-torsion free,
and such that Spec R¢ ®¢ Q, consists of the irreducible components in
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C. (Again, this requires K to be sufficiently large). We write RY for
the maximal reduced and I[-torsion free quotient of R5.

The proof of the following lemma is exactly the same as that of
Lemma [3.8 above.

Lemma 3.12. Say that a lift (p, R) is of type DS if the induced map
R" — R factors through RC. Then DS is a local deformation problem.

Definition 3.13. Let p1,ps : G, — GL,(O) be continuous lifts of p.
We write py ~ py if the points of Spec RS ®¢ Q; induced by p; and ps
lrte on a common irreducible component.

We write py ~» py if p1 ~ pa and moreover the point of Spec RP®0Q,
corresponding to py lies on a unique irreducible component.

Proposition 3.14. Suppose that p1,p2 : G, — GL,(O) are continu-
ous unramified lifts of p. Suppose that (p1 @0 Q,)** = (ri(7)¥(1 —n))**
for some generic unramified smooth irreducible representation w of
GL,(Ly,) over Q. Then p, ~+ p,.

Proof. Tt is immediate that p; ~ ps. A standard argument shows that
Spec RP®»Q is formally smooth at the point corresponding to p1 ®0Q,
if the group H°(Gp,,ad(p1 ®o Q;)(1)) vanishes. The genericity of 7
implies that no two of the eigenvalues of p; (Frob,) differ by #k(v) = q,,
so the result follows. U

We will need a slight generalization of the ‘level-raising’ deforma-
tion problems of [Tay08]. Before defining these, we give a geometrical
lemma.

Lemma 3.15. Let q be an integer, and let aq, ..., ay, be roots of unity
in OF. Let M(TT;—,(X — ), q) be the moduli space over O of pairs of
nxn matrices (®,X) where ® is invertible, chars(X) =[]\, (X — ),
and ®XP =39 (Thus M([]_ (X — @), q) is an affine O-scheme).

(1) Suppose first that a; = 1 for each j. Let M; denote the irre-
ducible components of M((X — 1)", q) with their reduced sub-
scheme structure. Then each M; ® K 1is non-empty of di-
mension n?. Moreover, the distinct irreducible components of
MU(X -1)",q) @k are the M; @k and each is non-empty and
generically reduced.

(ii) Suppose that ¢ = 1 mod I, and that the a; are distinct roots
of unity in 1 + X C O*. If ¢ # 1 we suppose that they are
distinct (¢ — 1)* roots of unity. Then M([Ti_, (X — a;),q)™
is flat over O.
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Proof. We treat the first part of the lemma. When [ > n and ¢ = 1
mod [, this is Lemma 3.2 of [Tay08]. In fact, the proof there works
without any restriction on ¢. Taylor has given another proof valid
without restriction on [, and I thank him for allowing me to reproduce
this here.

Let us abbreviate M = M((X —1)",¢). Let Nil be the space of nxn
nilpotent matrices, and Pol the space of monic degree n polynomials.
M has natural maps to Nil and Pol taking a pair (®,%) to N =X —1
and charg (X)), respectively.

Let ¢ be a partition of n, say n = n; + -+ + n,, and let Nil(o)
be the corresponding subvariety of Nil, as defined in [Tay08§| (it is the
variety of nilpotent matrices whose Jordan normal form refines the
partition o). It has an open subvariey Nil(c)? (the variety of nilpo-
tent matrices whose Jordan normal form corresponds to the partition
o). Let Pol(c,q) be the subvariety of Pol consisting of polynomials
whose multiset of roots can be partitioned into r multisets of the form
{a,qa, ..., ¢ ta}.

We consider the following subschemes of M:

(i) M(0)? is the locally closed pre-image of Nil(¢)? in M.
(i) M(o) is the reduced subscheme of the closure of M(o)® in M.
(iii) M(o)" is the reduced subscheme of the intersection of the
pre-image of Nil(o) under the first map and the pre-image of
Pol(o, ¢) under the second map above.

Let L be a field, and let (®,%) be an L-point of M(c)?. Then
charg(X) € Pol(o,¢q)(L). When L has characteristic zero, this can be
deduced just as in [Tay08]. Suppose instead that L has characteristic
[. Let M be an integer such that [» > n, and choose a positive integer
m such that mg = 1 mod (M. Then ®XL®~! = ¥™ = 3. Writing
N =% —1, we have

PN +1)"d ' = (N +1)
and hence o ' '
O(m'N"+ O(N™)) = N'®.
It follows that @ preserves ker N*. We deduce that
Charq)'ker Nit+1/ker Nt <X) | Charq’|ker N?/ker Ni—1 (qX)’

and hence charg(X) € Pol(o, q)(L).
We deduce the chain of inclusions
(M(0)*) ! € M(0) € M(o)',

these schemes being reduced and the inclusions holding on field-valued
points. Just as in [Tay08], we have that the projection M(c)? —
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Nil(¢)? is isomorphic locally in the Zariski topology to the projection
Nil(¢)? x Zgr,,(N(0)) — Nil(o)°,

where N (o) is a nilpotent Jordan matrix corresponding to the partition
o. In particular, M(0)® is smooth over O and the fibres are integral

of dimension n?. Now, choose ay,...,a, € k™ such that the multisets
S; ={ai,qai,...,q" ta;} fori=1,... r are disjoint. Choose a matrix
®(0,a) such that

,

charg(X) = H H (X —a)

j=1 aESj

and (®,1+ N(o)) € M(c)°. Then this tuple defines a point of

(M(o—)o - U M(a’)’) (k) c (M@) - U M(o’)) (k).
ol#o o'#o
Thus the M(o) are the irreducible components of M, and they satisfy
the conditions of the lemma.
The second part of the lemma follows from an analogous modification
to the argument given in [TayO§| (replace exp(N) by the map N —
1+ N; the proof then goes through essentially unchanged). U

Now let xy1,...,Xom : Of, — O be finite order characters, which
become trivial on reduction modulo A. Suppose that #k(v) = ¢, = 1
mod [. Suppose that p is trivial. We write DY for the set of liftings p
of p to objects of O such that for all o € I, we have

chary) (X) = [ [ (X = xu,(Artr, (0)) 7).
i=1
This is a local deformation problem, studied in [Tay08]. Write RXv for
the corresponding local lifting ring. We have the following.

Proposition 3.16. (i) Suppose that x,; = 1 for each j. Then
each irreducible component of RL has dimension n* + 1, and
every prime of R: minimal over \ contains a unique minimal
prime. Fvery generic point is of characteristic zero.

(ii) Suppose that the x. ; are pairwise distinct. Then Spec RX" is
irreducible of dimension n® + 1, and its generic point is of
characteristic zero.

Proof. The first part of the proposition follows from Lemma 2.7 of
[Tay08] and Lemma above. The second part follows from Lemmas
2.7, 3.3 and 3.4 of [Tay08] and Lemma above. (The proofs of these

other results do not use the assumption | > n). O
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Now suppose that p is not necessarily trivial, and that ¢, # 1 mod [.
We consider the set D¢ of liftings p to objects of O such that for all
o€ Iy, we have

Chal"p(g)(X) = (X — 1)”.
This is a local deformation problem. Let R¢ denote the corresponding
local lifting ring.

Proposition 3.17. Each irreducible component of RS has dimension
n?+1, and every prime of R® minimal over \ contains a unique minimal
prime. Fvery generic point is of characteristic zero.

Proof. This follows from Lemma 2.7 of [Tay08] and Lemma above
(complete at the point in the special fibre of M corresponding to p). O

Finally, suppose that p is unramified and make no hypothesis on ¢,.
We write D;" for the collection of all unramified liftings of p.

Proposition 3.18. D" is a local deformation problem, and the corre-
sponding lifting ring RY" s formally smooth over O.

4. GALOIS THEORY

The following generalizes the discussion in Section 2.5 of [CHTO0S].
Definition 4.1. Suppose that

S = (F/F+, S,S8,0,7,x, {Dv}ves)

is a global deformation problem and that T C S. Let QQ be a finite set
of primes v € S of F* which split in F' and for which

Nv=1 mod.

Let @ denote a set of primes of F' containing exactly one prime v of F
lying above each prime of Q.

If v € Q then Tlg, is unramified. We write it in the form 3, ® 1),
where 1, 15 an ez’gen;pace of Frobenius corresponding to an eigenvalue
oy, on which Frobenius acts semisimply. Then we define a second global
deformation problem

SQ = SQ{EU}HGQ = (F/F+7 SU Qa §U Qva 077_"7 X {Dv}vESUQ)7

where for v € Q we take D, to consist of all lifts which are 1+ M, (mg)-
conjugate to one of the form s, & ,, where s, is unramified and 1,
may be ramified, but the image of inertia under 1, is contained in the
set of scalar matrices.



16 J. THORNE

Note that if one chooses the 1, to be one-dimensional, then this just
recovers Definition 2.5.7 of [CHTO08]. The following lemma shows that
the above definition makes sense.

Lemma 4.2. Let F, be a finite extension of Q,, and let ¥ : Gp, —
GL,(k) = 3® % and D, be as above. Then D, is a local deformation
problem.

Proof. Of the conditions required for D, to be a local deformation
problem (recalled in the previous section), only (ii) and (iii) present any
difficulty. Let us treat (ii) first. Let F' be a Frobenius lift. By Hensel’s
lemma, applied to the characteristic polynomial of r;(F'), there is for
each ¢ a unique splitting r; = s;@1); where s;, ¢); are subrepresentations
of r; lifting 5 and 1), respectively. Similarly, we have 7; mod I; = 5@
for unique subrepresentations s, Qf/)v

Let €1,..., ¢, be elements of R;/I; lifting the standard basis of k"

such that e3,...,¢€, liein s and €,,11,..., €, lie in ¥. By Nakayama’s
lemma, €1, ...,€,, is a basis of s, and similarly for ).
Now lift these again to elements e},...,e!, of R; for ¢« = 1,2. Let

A; be the change of basis matrix. Then we have A; € 1+ M, (mg,).
Setting A3 = A; X Ay, we find Az € 1 + M,,(mg,) and

A3<7’1 X TQ)A:;l = (81 X SQ) D (1/)1 X wg)

Hence (R3,71 X 1r9) € D,.

For (iii), let (R,r) = (lim R;,limr;). Then applying Hensel’s lemma
again gives a splitting r = s @ 1, for subrepresentations s,. (Note
that the property of inertia commuting with every choice of Frobenius
lift F' is preserved under passing to the limit). Applying the uniqueness
of the splitting of each r;, we see that s must be unramified, and that

inertia acts centrally through 1. The result follows. ([l

The following is proved in the same way as Lemma 2.5.8 of [CHTO0S]
(in fact the statement below is identical, but our notation Sg now
means something slightly more general). We refer back to [CHTOS],
Section 2 for the definition of L, and L;- below (informally, these are
the local conditions in cohomology coming from our choice of local
deformation problems D,).

Lemma 4.3. Suppose that we are in the situation of the above defini-
tion, and that T is absolutely irreducible. Suppose also that forv € S—T
we have

dimy L, — dimy, H(Gp., ad ) = { ([)F;r :Qn(n—1)/2 Zz“



REPRESENTATIONS WITH SMALL RESIDUAL IMAGE 17

loc

Then RE can be topologically generated over Rl“ RSQ r by
dimy, H} ) 7(Gres,adT(1) + #Q — Y [EF : Qn(n —1)/2

veT Wl

—dimy, H*(Gp+5,ad7(1) —nz (14 x(¢y))
v]oo

elements.
Proposition 4.4. Let qy € Z>(. Suppose given a deformation problem
S = (F/F+7 Sa ‘§7 (97?7 X {D’U}’UES)'

Suppose that T is absolutely irreducible and that 7(G p+(c,)) is adequate.
Suppose also that for v € S —T we have

i _ -
Let q be the larger of dimy H EJ- +(Gr+.g,ad7(1)) and qo.

Then for any N € Z>; we can find (Q, Q, {4, }veq) as in the above
definition, such that

* #Q =q = qo-
o I[fve@ then Nu=1 mod V.
° RES can be topologically generated over Rf;’CT = ngg r by

#Q— Y [EF:Qn(n—1)/2=n)> (14 x(c))/2
veT,w|l v]oo

elements.
Proof. Given (Q, Q, {1, }veq) there is an exact sequence
0—— Hl(GF+75, adF(l)) — Hl(GF+7SUQ, adF(l)) —

= Byeo H'(Ir, ad5(1)) ® H' (I, ad 9(1)),

the last arrow given by restriction. Now, for v € @), L, is the subspace
of

H'(Gp,,ad7(1)) = H'(Gp,,ad5(1)) ® H'(Gp,,ad (1))
whose projection to H'(Ir.,ads(1)) is trivial and whose projection to
HY(Ip,ad (1)) actually takes values in

H'(Ir;, Z(¥)(1)),

where Z(1) C ad is the subspace of scalar matrices.
Recall that the complement L of L, is taken with respect to the
pairing ad7 x ad 7(1) — k(1) given by (A, B) — tr AB. It follows that
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for v € Q, L} is identified with the subspace of unramified cohomol-
ogy classes in H'(Gp,,ad7(1)) whose projection to H'(Gp.,ad (1))
actually takes values in H'(Gf.,ad”+(1)). In particular, the group
HE(Q)LjT(GFJr,SUQ’ ad7(1)) is the kernel of the map

HEL’T(GF-F’S, ad?(l)) — @Uer

given by [¢] — (tr eproby,a, @(Frobg))veq. By the previous lemma, we'll
be done if for any non-zero cohomology class

[¢] S HZL7T(GF+,S> ad?(l)),
we can find a place v of F* such that v splits completely in F({;~) and
that
tT €Froby,a, @(Froby) # 0

for one of the places v of F' above v and choice of eigenvalue «,, and
such that 7(Frobg) acts semisimply on its «,-eigenspace.

By the Chebotarev density theorem, it suffices to find an element o
of Gr(,y) such that

tregy.a®(00) # 0
for some eigenvalue « of 7(0y).
Let L/F((~) be the extension cut out by ad7. We have an exact
sequence

0 — H'(Grr),adT(1) — FY(Gp, ad7(1)) 77 ),

Thus ¢(Gp) is a non-zero Gp+ (¢, )-submodule of ad 7(1). By hypoth-
esis, there exists 0 € Gp(y), @ such that 7(c) acts semisimply on its
a-eigenspace and such that

tre,o0(Gr) # 0.
If
tresap(o) #0
then we’re done. So we can assume that in fact
tresqap(o) =0.

For 7 € Gy, 7(70) is a scalar multiple of 7(0) and we have ¢(10) =
(1) + ¢(0), hence

tre,o@(70) = tre, of(7).

Therefore we can choose oy = 70 for any 7 € G, such that

treq, op(7) # 0.
This concludes the proof. 0
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5. SMOOTH REPRESENTATION THEORY OF ¢-ADIC GL,

We introduce some more notation. Let I be a finite extension of Q,,
and choose a uniformizer w. Let ¢ denote the size of the residue field
f of F. We write G = GL,,(F), B for its standard Borel subgroup. We
fix a partition n = n; + ny, and let P be the standard parabolic (con-
taining B) corresponding to this partition. Let P = MN be its Levi
decomposition. We will use P interchangeably to denote the algebraic
subgroup of GL,, or its F-points. This should not cause any confusion.
We let P denote the opposite parabolic of P.

We write K = GL,(OF), and p for the parahoric subgroup of G
corresponding to those elements of K whose reduction modulo w lies in
P(k). Let m = M(Op). We write Iw for the standard Iwahori subgroup
of G. We consider smooth representations of G over an algebraically
closed field C' of characteristic zero.

We use Ind to denote standard unnormalized parabolic induction
and n-Ind to denote the normalized parabolic induction n-Ind%o =

1
Ind$ 062, where dp is the modulus character of P. We use  — 7y to
denote the normalized Jacquet functor which is right adjoint to n-Ind.
In particular, if 7 = n—Indg X1 ® -+ ® Xy is irreducible then

()’ (1—=n) = @06l - [T7%) 0 Arty!

If ¢ is an unramified character, we write Sp,,(¢) for the unique
generic subquotient of

nInd$m @9l [® - @y - "7,

where B,, C GL,, is the standard Borel subgroup. We refer to this as
a Steinberg representation.

Write W for the Weyl group of G. Given a parabolic subgroup @
of G, we write Wgy C W for the Weyl group of its Levi factor. Recall
that Wg\W/Wp has a canonical set of representatives, which we will
denote [Wo\W/Wp], given by taking in each double coset the element
of minimal length (cf. the first section of [Cagl).

Lemma 5.1. Let Q) be the standard parabolic corresponding to the par-
tition n = my + - - - +m,.. Then there is a bijection

Wo\W/Wp = the set of partitions m; =nl +nb,i=1,...,r
such that Zn’l =ny and an = No,
i i

gwen as follows. Let

Mi={mi+-+mi+1,...,mi+ - +mi1 +m},
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Ny =A{1,...,m}, and Ny ={ny +1,...,n}. Then we take
WowWp + the partition m; = (#M; NwNy) + (#M; NwNy).
(Here W acts in the natural manner on {1,...,n}.)

Given @ as in the lemma, we write L; for the i*" block factor of its
Levi subgroup. Given a partition m; = n} + nb, corresponding to a
double coset WowWp, we write p’ for the parahoric subgroup of L;
corresponding to those elements of L;(Op) whose reduction modulo w
lies in the two-block standard parabolic given by m; = n} + ni.

Lemma 5.2. Let () be as above.
(i) If w € [Wo\W/Wp], then L; Nwpw™ = p¥.

(ii) For each i, let m; be a smooth representation of L;. Then

(n-IndG m @ - @ 7,)° = Duepguw/wpm @ @ T
Proof. We recall that an element w € W is of minimal length in its
double coset if and only if it is of minimal length in Wgw and wWp.
If R is the parabolic corresponding to a partition n = a; + --- + as
then an element is minimal in its left Wg-coset if and only if it is order
preserving on the sets

{fan+-+aa+1,. a0+ + a0+ a}
for each ¢ = 1,...,s. This is well known, but can be deduced easily
from e.g. the results on p. 20 of [BB05]. The first part now follows from
a direct calculation (alternatively, one could apply [Cas|, Proposition

1.3.3).
For the second part, we use the Bruhat decomposition to deduce

that
G = IT Quws
we[Wo\W/Wp)
Then we have from the definition of induction

(-IndGm @ -+ @ m)° = Buelwo\wyw) (M & -+ @ 7, ) 4P

and applying the first part of the lemma gives the result. U

Let 7 be an irreducible smooth representation of GG. If 7 is generic,
then it has an expression m = n—Indg m ® .- ® m, as above, where
each m; is an irreducible essentially square-integrable representation of
L; (cf. [PROS]).

Corollary 5.3. Suppose that w° # 0. Then there exist unramified
characters x1,...,Xs and U1, ..., 0, of F* such that

m=n-Indg x1 ® -+ ® Xs ® Sp,y(¥1) ® - -+ ® Spy ().
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Proof. Since Iw C p, m must be a quotient of an unramified principal
series. Therefore if we write

W:n—Indgm@---@m

then each 7; is either an unramified character or a Steinberg repre-
sentation Sp,(1). The representation Sp, (1)) has invariants under a
two-block parahoric subgroup only if n = 2, so by the previous lemma
the factors m; must have the given form. Since 7 is generic the normal-
ized induction is independent of the order of the factors, hence we can
write 7 as in the statement of the corollary. 0

Following [Vig98], we introduce Hecke algebras H, = Hz (G, p) and
Hy = Hz(M,m). We recall from section II of that paper that Hy,
has a subalgebra H_ consisting of elements with ‘negative’ support.
In particular, this subalgebra contains the Hecke operators 77 defined
below. Moreover, there is a natural homomorphism ¢t : H ® C' —
H, ® C, given on characteristic functions of double cosets by Xmgm

5ﬁ(g>%ngp-

Proposition 5.4. Let © be an admissible representation of G, and let
q: 7 — 7Y be the natural projection. Then q is an isomorphism, and
for allv e 7? h € H, we have

m’

q(t(h) -v) = h-q(v).

Proof. Since p has an Iwahori decomposition with respect to P, ¢ is
surjective ([Vig9§], 11.10.1). It remains to prove injectivity. There is a
commutative diagram

ﬂ'p B ——— 7TIW

L

(ﬂ.N)J To

— (7r)™,

where R is the radical of B and T} is the maximal compact subgroup
of T', and J is the standard Iwahori subgroup of M = GL,, x GL,,.
The right vertical arrow is an isomorphism ([Vig9§|, I1.7). Similarly
the bottom horizontal arrow is an isomorphism. It follows that the left
vertical arrow is injective.

The second part of the proposition is [Vigd8], Lemma I1.9 (but note
that we use normalized restriction here). U
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We will be interested in the following Hecke operators. For j =
1,...,n9, let a;; be the ny X ny matrix

diag(w,...,w,1,...,1).
—
j
We let VI € ‘H,, be defined as the double coset operator

P )]

Similarly 77 is the double coset operator

(5 )]

One computes easily that V7 = ¢/™1/2t(T7). Note that since t is an
algebra homomorphism, the fact that the 77 commute implies that the
operators V7 must also commute.

Proposition 5.5. (i) Let w € [Wo\W/Wp|, corresponding to a
partition m; = n® + ny. This can be viewed as a partition
ng =Y, ni,ng =Y,nh. Then wQuw N M is the standard
parabolic of M = GL,, x GL,, corresponding to this partition.

(i) Let m = n—Indg ™ Q- ®m,, where each m; is an admissible
representation of L;. Then
T = Buewo\wywe] 1-Indyl 1 gm0 (T @ - @ ) LNt

Proof. The first part is [Cas|, Proposition 1.3.3. The second is [BZTT],
Lemma 2.12. U

We deduce the following.

Corollary 5.6. Suppose that w is generic and w° # 0. Then we have
a presentation

T = n—Indg X1® - ® Xs ®Spy(11) ® - - @ Spy(ty)
as above. There is an isomorphism
t t
TN Zod @n—lnd]gmM <®X1 ®®(%’ ®-)® ®Xi ® ®%> ’
S igS j=1 = J=1

where o is a representation with no m-invariants. Here the sum is over
subsets S C {1,...,n— 2t} of order ny —t. In particular, when t =0,

we have
= D (@ Xi) . (@ xi) |
S

i2S =
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Proof. The main point to note is that

Spo (V) = 1| - [ ® 1.
U

Since passing to m-invariants is exact, the above computes (73%7)™ =
(m%)* as a Hy-module. Combining this with Proposition [5.4] along
with the analogous computation for unramified Hecke operators on
GL,,, we can compute the eigenvalues of the operators V7 on 7® with
their multiplicities.

Corollary 5.7. Remain in the above situation. Let 1 < j < ng. Let
A be the set of subsets of {1,...,n— 2t} of order ng —t. View 7° as a
module for the commutative algebra C[V',... V"2]. Then (7*)% is a
direct sum of 1-dimensional modules indexed by A. If S € A then V7
acts on the corresponding line as

723 ] xal@) [ (@),

J1CS a€Jy beJo
JoC{1,...,t}
with the sum ranging over subsets Ji,Jo with #J, + #Jo = 7. In
particular, when t = 0, V7 acts on the line corresponding to S as

g =912 Z HXa(w)-

JCS a€d
#J=j
We now specialize to the case C' = Q;, and ¢ =1 mod [. Fix also a
subfield K C C finite over QQ, with ring of integers O, maximal ideal
A, and residue field k. We suppose that [ is odd. Then O contains
a square root of ¢, and we fix a choice of square root congruent to 1
modulo A.

Proposition 5.8. Let 1 < j < ny. There is a unique way to func-
torially associate to every monic polynomial P(X) of degree n with
coefficients in an O-algebra A another monic polynomial P;j(X) such
that when A is an algebraically closed field of characteristic zero and

n

P(X) = H(X —Oéi),

i=1
the roots of P;(X) with multiplicities are precisely the

7023 ] o

JCS a€J
#J=j

as S ranges over subsets of {1,...,n} of order n,.
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(The point of this is that when
= BBy

and
p=r(m)’(1-n)
and P(X) is the characteristic polynomial of p(Artg(w)), the charac-

teristic polynomial of V7 on 7* divides P; (and equality holds when m
is generic)).

Proposition 5.9. Let R be a complete local O-algebra with residue
field k. Let 1T be a smooth R[G]-module, and suppose that for every
open compact subgroup U C G, TV is a finite free O-module. We
write Ry for the image of R in Endp V. Suppose that 11 @0 Q, is
a semisimple Q,[G]-module, and that every irreducible constituent is
generic. Suppose that each Ry ®o Q is a semisimple algebra.

Suppose there exists a continuous representation p : Gp — GL,(Ry)
such that for any homomorphism ¢ : R, — Q;, and any irreducible
constituent m of the representation generated by 11" ®p, , Qy, there is
an isomorphism

(ri(m)Y (1 =n))* = (p QR, Q)*.

Fiz a Frobenius lift ', corresponding to uniformizer w under the local
Artin map. Suppose that p = p mod mpg is unramified, and that p(F')
has an eigenvalue @ of multiplicity ny. Let P(X) be the characteristic
polynomial of p(F), and let P;(X) be as above. By Hensel’s lemma, we
can factor Pj(X) = Q;(X)R;(X), where

o= (s () i
o ((5)e) 1 wn

n2
pr_ = HQj(Vj) € Endg IT%.

J=1

and

Set

Then pr_, induces an isomorphism
% = prIIP C ITP
of R-modules.
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Proof. First we show that if 7 is an irreducible constituent of the rep-
resentation generated by some I ®g, , Q; and pr_ 7P # 0 then 7 is
unramified. If 7 is ramified, then as above we have for some t > 0

T n—Indg X1 ® @ Xs ® Spy(th1) @ -+ - @ Spy(1r).
The eigenvalues of (p ®g, 4 Q) (F) are, with multiplicities,
X1(@), - Xs(@), Y1 (@), [@[th1(@), . . ., Yu(@), |[@ | ().

Moreover, these last elements are contained in the image of R, in Q.

Suppose first that @ = 9;(w) mod mp for some j. (We view the
image of R in Q, as a quotient of R, which therefore has maximal ideal
induced by mg). Then, since ¢ and |- | are congruent modulo mg, pr,
projects to a space where V; acts as the root of Pj(X) corresponding to
a set S of eigenvalues including both ¢;(w) and ¢;(w)|w|. However,
our earlier computation shows that the only lines that occur correspond
to a set of eigenvalues containing only ;. So this is impossible.

Suppose instead that @ # ¢;(w) mod mp for any j. Then pr_
maps into a line corresponding to a set of eigenvalues not containing
any 1;(w). But one knows that each 1;(w) occurs in every line of 7P,
so this is also impossible.

Returning to the situation of the proposition, it follows that

ranke IT% > ranke pr_ 1P,
Therefore to show that the map
pr : 1% — pr_ 11"

is in fact an isomorphism, it will suffice to show that it is injective after
— ®o k.

Suppose that it is not, and let € ITI¥ ®p k be a non-zero vector
in the kernel such that mgz -z = 0. Let N be an irreducible quotient
of the admissible k[G]-module generated by x. The following lemma
shows that N¥ is 1-dimensional, generated by z, and that

pr, N% #£0.
This contradiction concludes the proof. U
Lemma 5.10. Let m be an unramified irreducible smooth representation

of G over k =TF. Then:

(i) There is an isomorphism m = n—Indg x1odet ® - - -®y,.odet for
some distinct unramified characters x1,...,Xr, @ correspond-
ing to a partition n =mq + -+ m,.

(i) 7% 4s 1-dimensional.
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(iti) Set ny = m, and ny = S.i_ m;. Let P(X) = [[_, (X —
Xi(w))™, and let P;(X) be as above. Factor each Pj(X) =

rx0 = (% (") @r)

and R;(X),Q;(X) coprime. Then
pr,, = [ @;(V7)
=1

induces an isomorphism
o 5 pr P C wb.

Proof. The first part is [Vig9§|, Assertion VI.2. The second part is an
easy calculation.

For the third part, we argue as follows. First we give a description
of the Iwahori Hecke algebra Hi, = Hp(G,Iw) = Hz(G,Iw) ®z F,
following [Vig96], 1.3.14. For j = 1,...,n, we let

a; = diag(w,...,w,1,...,1).

H"_/
J

Then we let A; = [Iwa; Iw] and X7 = A;(A4;_1)"". (This makes sense
since each A; is invertible in Hy,). On the other hand, if s; is the
permutation matrix corresponding to the simple transposition (7, j+1)
then we set S7 = [Iws;Iw]. Hi, is generated by the S7 and X7.
Moreover, it is canonically isomorphic to the group algebra of the group
W x Z", where the transpositions S7 generate the W factor and the
operators X', ... X" form a basis for F[Z"] C F[W x Z"]. (Thus
W = S, acts on Z" by permuting basis vectors).

We note that 7'V has a basis given by the functions ¢,, for w €
[(Wo\W/Wpg], defined as follows: ¢,, has support Qw Iw, and ¢,,(1) =
1. Define characters v; by

¢1®"'®¢n:X1®"'®Xi®"‘®Xi®"‘®Xr-
S———

Then X' acts on ¢, as the scalar ¢,;)(w). This can be deduced as
follows.

First, note that m C n—Indg ) in a natural manner (i.e. 7 is the set
of functions G — F which transform under the left translation by @ in
a suitable manner, hence a fortiori by ¢ under B). Each ¢, is a sum
of functions ¢,,, with support Bw, Iw, for w; € Wow. By computing
the action of generators of the Iwahori Hecke algebra, one checks that
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X" acts on ¢, as the scalar 1, ;) (@) = Yy (w); cf. Corollary 3.2 of
[Lan02]. (We note that ¢ =1 € F is used here in an essential manner).
The corresponding result now follows for the vectors ¢,,.

There is a commutative diagram

ﬂ'p B — 7TIW

e
()™ == (mR) ™,

where R is the unipotent radical of B and T} is the maximal compact

subgroup of 7. Note that ¢; and ¢o are isomorphisms, while ¢z is

injective. Repeatedly applying Lemma I1.9 of [Vig98|, we find that for

all z € ¥ we have

@V (1) = gV () = T p() = Y YVgsq(z)
JC{ni+1,...,n}
#J=j
= > Y@= ) eX'(),
Jc{ni+1,...,n} Jc{ni+1,...,n}
#J=j #J=j

where X7/ = [[,c; X" and Y? = [Tyy,Ty], where y; is the diagonal
matrix with (y;); = w if i« € J, and (y5)i;; = 1 otherwise. The
third equality above comes from writing coset representatives for 77
(cf. Proposition 4.1 of [Man01]) and using the fact that ¢ = 1 in F.

Hence Vi(z) = Y, X7(x), which is to say that the restriction of
>, X7 to the space of p-invariants is equal to V7. Tt follows that
{pw} is a basis of simultaneous eigenvectors for the operators V7. If
w € [Wo\W/Wp] corresponds to the partition m; = n} + n}, then the
eigenvalue of V7 on ¢, is

Sj(Xl(w)v s aXi(w)’ s 7Xi(w)7 s 7Xr(w))v

7

vV
ny times

where s; is the j* symmetric polynomial of degree n.

Set ¢ = > ¢u; this vector spans 7K. It is now easy to see that
Pro ¢ = ¢y, where w is the element of [Wo\W/Wp] corresponding to
the partition

mi=m+0,.... me_1=mp_1+0,m. =0+m, =0+ no,

and moreover that ¢,, spans pr_ 7".
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At this point we introduce another congruence subgroup p; C p as
follows. It is the kernel of the homomorphism

p P(f) GLn, () = — (),

det

where §*(I) denotes the maximal [-power order quotient of §*. Thus

p/p1 = (). We define an extra Hecke operator on pi-invariants: for
a € O0F, A, = diag(a, 1,...,1),

- (b (5 1))

We also have the operator

A 1, 0
V]:|:pl( 0 a])p1:|

Note that this now depends on the choice of w, although we do not
include @ in the notation. At this point we have two operators denoted
V7, acting on the spaces 7P and 7", for any smooth representation .
One checks that the inclusion 7® C 7P takes one operator to the other,
so in fact there is no ambiguity.

Lemma 5.11. Let 7 be a generic irreducible smooth K -representation
of G. Suppose that 7 # 0, but 7% = 0. Then 7™ is I-dimensional
and for any representation

p:Gp — GL,(O)
with p** = ri(m)¥(1 — n), we in fact have
o775 2y (1) (1 = )
and p has abelian image. We can write
W:n—Ind§X1®---®Xn

where X1, . .., Xn, are unramified and the remaining characters are tamely
ramified with identical restriction to inertia.

Proof. Consider the subgroups U; C Uy C GLo(OF) defined as follows:

-((s 1) ma=)={(i 1) )

Since 7P #£ 0, we have a presentation
T =10-Indg X1 @ -+ @ X5 ® Spy(¢h1) @ -+ @ Spa(¥hy),

with for each j Spy(1);)V* # 0. If ¢ > 0 then by conductor consider-
ations we see that each v; is unramified and Spy(1);)"* = Sp,y(v;)™°,
and hence 7? # 0, a contradiction (compare [CHTO0S], proof of Lemma
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3.1.5). It follows that ¢ = 0. Now note that p; contains the subgroup
Iw' C Iw defined as follows:

Iw' = {(a;;) € Iw such that H a; =1 mod w}.
1=ni1+1
We can now apply [CHTO08], Lemma 3.1.6 (or more precisely its proof)
and the genericity of 7 to deduce that it must have the form stated
above.

Since 7 is generic, any Weil-Deligne representation (r, N) with r =
r(m)¥ (1 — n)® necessarily has N = 0. Applying this to W D(pf"~**)
gives the result, on noting that a representation of W with open kernel
is abelian if and only if its Frobenius-semisimplification is. (Here we
use WD to denote the associated Weil-Deligne representation). 0

Proposition 5.12. Let R be a complete local O-algebra with residue
field k. Let I1 be a smooth R[G]-module, and suppose that for every
open compact subgroup U C G, NIV is a finite free O-module. We
write Ry for the image of R in Endp IIV. Suppose that 11 @0 Q, is
a semisimple Q,[G]-module, and that every irreducible constituent is
generic. Suppose that each Ry ®o Q; is a semisimple algebra.

Suppose there exists a continuous representation p : Gp — GL,(R,,)
such that for any homomorphism ¢ : R, — Q;, and any irreducible
constituent m of the representation generated by II"* @, ., Qy, there is
an isomorphism

(ru(m)* (1 =n))*™ = (p @r,, ., Q)™
Fiz a Frobenius lift ', corresponding to uniformizer w under the local
Artin map. Suppose that p = p mod mpg is unramified, and that p(F)
has an eigenvalue @ of multiplicity ny. Define pr_ as above. Let R’
denote the image of R in Ende(pr, IIP).
Then we can decompose p @g, R = s® ¢ canonically as a sum of
two subrepresentations such that s is unramified, 1 is tamely ramified

and its restriction to inertia acts as a scalar character ¢. Finally we
have for every o € Of, Vo, = ¢p(Artp(a)) in R C Endo(pr,, IIP).

Proof. Let ¢, 7 be as in the statement of the proposition. Proposition
5.9 and Lemma [5.11] show that if pr_ 7 # 0, then 7 is either un-
ramified or a ramified principal series, and in either case the image of
P @R, o Q, is abelian. Let p/ = p®g, R.

Let P be the characteristic polynomial of p/(F"), and factor P(X) =
A(X)B(X), where B(@) = 0 and A, B are coprime. Then we decom-
pose

R"™ = B(F)R" ® A(F)R"™ = s ® 1, say.
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Since p’ has abelian image, this decomposition is p’-invariant.

To prove the rest of the proposition, we can replace R’ with its image
in Q;, for some , 7 with pr_ 7" # 0. We replace p’ with p' @x, Q. If
7 is unramified then s and 1 are both unramified and V,, acts trivially
on pr_ P

If on the other hand 7 is ramified then we must have

7T§n—1ndgxl®-”®xn

where x1, ..., Xn, are unramified and the remaining characters are ram-
ified with equal restriction to inertia. Now pr_ 7" # 0 implies that
pr_ 7P = 7P1. One now computes that V7 acts on the one dimensional
space 7P as the scalar

¢ xa(w),

JCS acJ
#J=j

S = {n1 +1,...,n}. On the other hand V7 acts on pr_ 7" as the

scalar
qj(n—j)/2 Z HXa(w),

JCS' aed
#J=j

S’ equal to the set of ¢ such that y;(w) = @ mod mg.
Since these are the same, we find that

ST (X1 B B Xy)| | 0 At
and that
P 2 (X1 D - D X)) - ‘(1—n)/2 © Art;l :

The final line of the proposition follows from the computation of the
action of V,, on 7P, ]

6. AUTOMORPHIC FORMS ON DEFINITE UNITARY GROUPS

The constructions in the first part of this section are now standard,
cf. [Ger], [Gue]. The main point of repeating them here is to convince
the reader that they go through with the assumption that [ > n weak-
ened to the assumption that [ is merely an odd prime. We also take
some steps to remove the hypothesis that the open compact subgroup
U is “sufficiently small”.

We suppose that L is an imaginary C'M field such that L/L*. Let ¢
denote the non-trivial element of Gal(L/L"). Let B denote the matrix
algebra M, (L), and let (-)* be an involution on B of the second kind.
We let G be the associated unitary group of transformations g € B
such that gg* = 1.
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Suppose now that L/L* is unramified at all finite places and that 4
divides n[L* : Q]. Under these hypotheses, we can choose (-)* so that
(i) For every finite place v of L™, G is quasi-split at v.
(ii) For every infinite place v of L™, G(L}) = U,(R).
We can find a maximal order Og C B such that O% = Op and such
that Op,, is a maximal order in B,, for every place w € L split over
L*. This defines an integral model for G' over O+, which we continue
to denote as GG. We do not prove these facts here, but refer instead to
[CHTOS], Section 3.3, with the set S(B) taken to be empty.
Let v be a finite place of L™ which splits as v = ww® in L. Then we
can find an isomorphism

by © OBm - Mn<OL,v) = Mn(OLw) X Mn(OLwc)a

such that ¢,(g*) = *1,(g)¢. Projection to the first factor then gives rise
to an isomorphism

tw : G(Op+) — GL,(Op,,).

Let [ be an odd prime number, and suppose that every place of L™
above [ splits in L. Let S; denote the set of places of Lt dividing [.
For each place in v € S; we choose a place v of L above it and denote
the set of these by 5.

Let K be a finite extension of Q; in Q;, with ring of integers @ and
residue field k. We write A for the maximal ideal of O. We will suppose
K large enough to contain the image of every embedding of L in Ql

Let Il denote the set of embeddings L. — K inducing a place in Sl

To each X € (Zi)ll we associate a finite free O-module M) as follows:
My =@, 5 M.,

where M, is as constructed in [Ger], Section 2.2. (It is the alge-
braic representation of GL, /O with highest weight diag(ti,...,t,) —
)‘T,i
[l )
Then M, can be viewed as a continuous representation of the group
G(Op+,), via the product of the maps

7oty G(Ops ) = GLa(OLg(,)) — GLA(O).

(Here v(7) and v(7) are the places L and L™, respectively, induced by
the embedding 7 : L — K). Similarly W, = M) ®¢ K can be viewed
as a continuous representation of the group G(L;").

Let R be a finite set of finite places of L™, disjoint from S; and
containing only places which split in L. Let T' D> S; U R be a finite set
of places of L™ which split in L. For each v € T we choose a place v
of L above it, extending our previous choice for v € S;. We suppose
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that U = [[, U, is an open compact subgroup of G(A%) such that
U, C ;' Iw(?) for v € R. (We recall that for a place v of L, Iw(?)
is the subgroup of GL,(Op.) consisting of matrices whose image in
GL,,(k(v)) is upper triangular. We will also write Iwy(v) C Iw(v) for
the subgroup of matrices whose image in GL,,(k(v)) is upper-triangular
and unipotent).
For each v € R, we choose a character
Xo = Xo1 X+ X Xon : IW(0)/Iwy(0) — O,
the decomposition being with respect to the natural isomorphism
Iw(v)/ Iwy (v) = (k(0)")".
We set

M) vy = My ®0 <® O(Xv)> and W (v, = M) (v} ®o K.

vER
These are representations of the groups G(Op+;) X [[,cpIw(v) and
G(L) x I1,cpIw(v), respectively.

Definition 6.1. Let A\, U,{x.} be as above. If A is an O-module, and
Uy C G(Op+) forv |1, we write S 1,1 (U, A) for the set of functions
[ GILING(AT) — My x,) ®o A

such that for every u € U, we have f(gu) = uglluRf(g), where ug,ur

denotes the projection to [],cqr Us-

We write Sy (.1 (Q;) for the set of functions
[ GLINGAL) — W ) ®k Q

such that there exists an open compact subgroup V' such that for every
v €V, we have f(gv) = vglluRf(g). This space receives an action of

the group G(AS™) x [1,cpIw(D) via
(u- f)(9) = (us,ur) f(gu)-
Thus for U as above, we have Sy (.1 (@)Y = Sx (o} (U, Q).
If R is empty then we write S g1 (U, A) = S\(U, A).

The spaces Sh {y,}(U, A) receive an action of the Hecke operators
Ti =, ([GLn(oLw) ( w"glj 10 | ) GLn(OLw)D .
n—j
Here w is a place of L split over L™, not in T and w,, is a uniformizer

of L,. We let TE\F’{XU}(U, A) be the (commutative) O-subalgebra of
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Endo(Sty, 10 (U, A)) generated by the operators T, j = 1,...n, and
(T™)~! for w as above. Again, if R is empty, then we write

T3 (o) (U, A) = TX (U, A).
We briefly recall the relation between the spaces defined above and

the space A of automorphic forms on G(LT)\G(Ap+).

Proposition 6.2. Choose an isomorphism ¢ : Q, &= C. For each

T € I, we have vt : F — C. Let &y, be the C-representation of
G(LY ) = U,(R) of highest weight X\, and let & be the represen-

|L+
tation @ _ 1.8y, of G(LL). Then there is an t-linear isomorphism of

G(AZOJ;R) X [ er Iw(v)-modules
L SAv{xv}(@l) - Homg ;1) ((®v€R(C(LX;1)) ® &N A) :
In particular, if 11 is a G(Ap+)-constituent of A with
II°° = Homg+ ((@uerClix, 1)) ® €4, T0) # 0,
then we can view 1% as a G(A") x [1,cr Iw(v)-constituent of

S)‘»{Xv} (@l)

Proof. The proof is almost identical to the first part of the proof of
[CHTO8], Proposition 3.3.2. O

We end this section with two lemmas about these spaces, generalizing
[CHTO08], Lemma 3.3.1.

Lemma 6.3. Suppose that for all t € G(AS%), the group
t1GLHYtNU

contains no element of order . Then the functor A — S\ 1,1 (U, A) on
O-modules is exact.

Proof. Write G(A%,) = [[. G(L*);U, a finite union. Then we have
Sx (U, A) = @;(M) ) ®o 14)'%'71G(L+)15jﬁU7

f= (f(t5));-
Now note that for each j, ¢;'G(L™)t; N U is a finite group of order
prime to [ (compare [Gro99|, Proposition 4.3). O

Lemma 6.4. Suppose that for allt € G(AY.), the group
t1GLHYtNU

contains no element of orderl, and let V' C U be a normal open compact
subgroup with U/V abelian, of l-power order. The group U/V operates
on the space S (y,} (U, A) via the diamond operators u — [VuV]. Then:
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(i) The map tryyy = Sx o} (Vi A)uw — Sy (U, A) is an iso-
morphism.
(i) Sxfyo1(V,0) is a free O[U/V]-module.

Proof. For the first part of the lemma, we can suppose that U/V is
cyclic; let o be a generator. By the previous lemma we can also assume
that A = O.

Let AV be the weight defined by A/, = —A; ;1. Then we have
(Wi toy)” = Wy o1y as representations of G(L,") x [],cp Iw(©) (cf.
[Jan03], Corollary I1.2.5). Thus (M) (y,})" defines a lattice in W,y ¢ -1,
which is invariant under the action of G(Op+;) X [[,cpIw(v). If W
is a compact open subgroup of G(A%% ), and A is an O-module, let us
temporarily write Sy, ¢ -1,(W, A) for the set of functions

f1GLINGAT) = (M) ®o A

such that for every w € W, we have f(gw) = wglluRf(g).
We now have a pairing S) 1y, 3(V, O) x S)\\/j{xgl}(‘/, O) — O given by
the formula

—1 ¥ s
ecnauz v T GUEENY)

where (,) is the natural duality pairing. We use the same formula to
define a pairing (, )y on the spaces of level U. In fact, these are perfect
pairings, and for u € U we have

(VuVlf,g)v = (f, [Vu='V]g)v.
Moreover, the diagram
SA7{X’U}(‘/Y’ O) X SAV,{XJI}(‘/; O) — O
| tryyv U I
S)\7{XU}(U, O) X SAV7{X;1}(U,O) — O
commutes. The map try/ being an isomorphism is equivalent to the
exactness of the sequence

trU/V

0——=(0 = 1)Sx (x} (V, O)—=5\ (3} (V, O)—=5) 3.} (U, O) —0.

Applying Pontryagin duality, and the pairing constructed above, this
is equivalent to the natural map

Sy oy (U, 0) @ K/O — (Syv ;13 (V,0) @ K/O)7!

being an isomorphism. But by the same argument as in the proof of
previous lemma, this is just the map

S/\W{XJI}(U’ K/O) — (S/\V,{Xgl}(va K/O))U/Va
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and the right hand side equals the left hand side by definition.

The second part of the lemma now follows from the first part as
follows. Let r = dimy, S) (y,}(U, k). By Nakayama’s lemma, there is a
surjection

OU/V]" = Syt (V2 0)
of O[U/V]-modules. To show that this is an isomorphism, it’s enough
to check that
dimK S>\7{XU}(V7 K) = #(U/V)T = #(U/V) dlmK SA,{X'U}(U7 K)

But this follows from the fact that for any ¢ we have tG(LT)t' NU =
tG(LT)t7' NV, along with the description of Sy {,,3(V, K) given in the
proof of the previous lemma. O

Galois representations. Keep the assumptions of the previous sec-
tion.

Theorem 6.5. Suppose that  be an irreducible G(Afﬁ) X[ per Iw(v)-

constituent of S ,\,{XU}(@Z). Then there exists a conlinuous semisimple
representation

r(7) s Gy — GL,(Q)
such that:
(i) If v € S; is a place of Lt which splits as v = ww® in L, then

(ri(m)]a,, )™ = (rmy 0 0y,'))™.

(i) r(m)¢ = r(m)¥ (1 — n).
(iii) Ifwv is an inert place and m, has a fized vector for a hyperspecial
mazimal compact in G(L}) then ri(7) is unramified at v.

Ly Mw(@

(iv) If v € R and 7y ) # 0, then for every o € I, we have

char, (o) (X) = [ [ (X = x;j(Art;1(0))) -
=1

J

(v) If v € S; splits as v = ww® then r(7)|q,, is de Rham. If m,
is unramified then r()|q,, s even crystalline. Moreover, for
each T € I}, we have

HT:(ri(m)) = {Arj + 1 = j}jm1m-

Finally if r)(7) is irreducible then for each place v of L™ which splits
as L as ww®, the representation m, o 1" is generic.

Proof. This follows from Theorem 2.3 of [Gue] and Corollary 5.10 of
[Sha74]. O
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Proposition 6.6. Let m be a mazimal ideal of TL (U, O). Then there
1$ a unique continuous semisimple representation

Tm: G — GL, (TS (U, O)/m)

such that:

(i) 76, 270 (1 —n).
(i) 7w 4s unramified outside T. For all v & T splitting in L as
v = ww*, the characteristic polynomial of To(Frob,,) is

X" oo (1) (Nw) (G-1) /2TJXn It (_1)n(Nw)n(n71)/2T£‘

Proof. This follows quickly from the above theorem; see the proof of
[CHTO08], Proposition 3.4.2 for details. O

We will fix henceforth a maximal ideal m such that 7, is absolutely
irreducible (or non-FEisenstein).

Proposition 6.7. In this case, T, admits an extension to a continuous
homomorphism

T : Gr+ — Gu(T5 (U, O)/m),
with the property that T7;'(GL, x GL{(T1(U,O)/m)) = G, and that

VOoTy = €7 ”5Z7L+ for some pn € 7Z/27. Moreover, Ty, admits a

continuous lift, unique up to conjugacy, to a representation
rm: G — Gu(TX (U, O))

satisfying the following:

(i) If v € T is a finite place of L which splits as ww® in L, then
T'm 18 unramified at w and w°, and ro(Froby,) has characteristic
polynomial

(i) If v is a finite place of L™ inert in L, and U, is a hyperspecial
mazimal compact subgroup of G(LY), then ry is unramified at
v.

(iii) v ory = e ok

L/L+

Proof. This is proved exactly as the first part of Proposition 3.4.4 of
[CHTO8]. We note that we use here the fact that [ > 2, in the form of
Lemma 2.1.12 of [CHTO0§]. O
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A patching argument. We now suppose R = (), so that T'= S, [[ S,

for some set S, of primes. We will define a local deformation problem

D, for each v € T, by giving a suitable quotient R, of the universal

lifting ring RE at v. For v € S,, take R, = RT}D. For v € S}, we will

take the ring ng’cr. See Section |3| for the definitions of these rings.
Thus we have the global deformation problem

S = (L/L*,T.T,0,7, 78, (B} es, U LR hes, )

We set RI°¢ = (@veSTR?> ®o (@veSlR%’cr> :
Suppose now that U =[], U, has the following form:
(i) U, =G(Op+) ifv e S
(ii) Uy = G(Op+) if v € T is split in L.
(iii) U, is a hyperspecial maximal compact of G(L}) if v is inert in
L.
(iv) U, is arbitrary for v € S,.

Suppose also that for all ¢ € G(A), the group ¢t 'G(F)tNU is
trivial.
Theorem 6.8. The lifting

rm: Gre = Gu(TA(U, O)w)

defined above is of type S. Suppose moreover that Tw(Gpr+()) is ade-
quate. Letr : Gp+ — G,(O) be another lifting of T, of type S. Suppose
there exists a homomorphism f': TL (U, O)w — O such that:

(i) Forve S, (f'orm)le,. andr|q, lie on the same component

of Spec R>" @0 Q.
(ii) Forve S, (f orm)la, ~ rla,. -

Then there exists a second homomorphism f : T2 (U, O)m — O such
that r and f oy are conjugate by an element of GL,(O).

Proof. That ry, is of type S follows immediately from its construction
and the fact that T (U, O)y, is reduced and [-torsion free. Let

go=[L":Qn(n—1)/2+ [LT: QJn(l — (=1)")/2.
By Proposition we may choose for every N > 1 a tuple
(QN? @N: {wﬁ}UGQN)

such that

o #(Q)n = q forall N.
e Nu=1 mod [V for all v € Qyu.
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e The ring RESN can be topologically generated over R'°® by
g=q¢—q=q—[LT:Qn(n—-1)/2+ [L*: Qn(1 — (=1)""")/2

elements.
e 1 is a subrepresentation of 7|, of dimension dy;.
v

For each v, N > 1, let p%;, pEN,l be the parahoric subgroup of GL,,(O,.)
corresponding to the partition n = (n—d¥%;)+dY, as defined previously.
We let

U ( HU1 Qn)v: Uo(@Qn) = HUO Qn)o

be the compact open subgroups of G(AY) Wlth Ui(Qn) = U, for v ¢
Qn, Ui(Qn) = 15 PR 1, Uo(Qn) = 15 p} for v € Q.
We have natural maps

T} N (U1(Qn), 0)—T5 ¥ (Up(Qn), 0)—

*)TZ:UQN(Ua O)*)Tz:((ﬁ O)

The first two arrows are surjective, the last is injective. Thus m deter-
mines maximal ideals denoted mg,, mg,, m, m of these four algebras.
After localizing at m the last map is an isomorphism, since 7, is abso-
lutely irreducible (cf. the proof of [CHTO08], Corollary 3.4.5).

For each v € Qn, let ¢ € G be a Frobenius lift and let gy be the
uniformizer with Art,_wy = ¢3| Lab- In Proposition we have defined
commuting projection operators pr.,_ at each place v. For i =0,1, we

set
1QN - ( H Prw~> S)\ QN) )mQNa

veQN

and let T; ¢, denote the image of TL N (U;(Qx), ©) in Endo(H, gy )-
Let H = SA(U O)

Let Agy = Uo(Qn)/U1(Qn). Let ag, C O[Ag,] denote the aug-
mentation ideal. For each a € Oy, let V,, denote the Hecke operator

_ o1 1n7 v 0 ol
Vo = Lgl ({pN,l ( OdN A, ) p]\m]) ;

where A, = diag(a, 1,...,1).
We claim that the following hold:
(i) For each N, the map

H pr,. : H — Hogy

veEQN

is an isomorphism.
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(ii) For each N, H; g, is free over O[Ag, | with

HLQN/aQN - HO,QN'
(iii) For each N and for each v € Qu, there is a character V5 :
Or. — T7,, such that
v YO N
(a) for any a, V,, = V() on Hy g,
(b) (rmg, ® Tigy)le,. = s ® ¢ with s unramified, lifting
53, ¥ lifting 5, and v¥|;, acting as the scalar character
Vi o Arty! 1. -
In fact these follow respectively from Proposition [5.9] Lemma [6.4) and

Proposition [5.12

For each NV, the. lift rmg, @ Tigy is of type Sg, and gives rise
to a surjection R — Tiqy. Thinking of Ag, as the maximal [-
power order quotient of HUGQN I, we obtain a homomorphism Ay, —
(Rggi;)x as follows: for each v € Qy, decompose rggi; lc,. = s® 1 and
take a diagonal entry of ¥ in some basis. This does not depend on the
choice of basis.

: i O

We thus have homémorph1sms (?[AQN] ; RgY — RESN and natu-
ral isomorphisms Rl / 9Qu = Rg™ and Rg) Jagy = Rg". Moreover,
this makes the maps Rg)" — Ty gy into homomorphisms of O[Ag, -

algebras.
At this point we can apply Lemma below, with the following
identifications: we take

T =Ti(U,0), H = S\(U,O)pn.
R =R$™, Ry = Rg)".
t =#T, and q, g are as constructed above.

We choose a lifting r&" : Gp+ — G,(R%Y) representing the univer-
sal deformation, and for every N a lifting r§)" : Gr+ — Gu(Rg)")
reducing to the this one. This induces compatible isomorphisms
O o O o
Rs" — R§™®0T and RSQTN — Rg) ®@oT.

N
The rings RET and REgN are naturally R'°°-algebras, and we take R* =
R'¢. We take
Soo = Ol[T1, .-, Tp2e, Y1,y - - -, Yql |
and let a be the kernel of the augmentation map S,, — O. Finally

applying the lemma, we are given a R.,-module H,, satisfying the
following;:
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(i) Hy receives an action of S.,, which commutes with the R, ac-
tion, and H/aH. = H, compatibly with the homomorphism
Rloc _, RET _ Rgniv.
(ii) Hw is a finite free S,-module.
(iii) The action of Sy, on H,, factors through the action of R.
In particular, we have that depth, He = dim See = 14+ n?#T +q.
On the other hand, R, is equidimensional of dimension 1 + n?#7T +
n(n—1)/2[L" : Q] + g. It follows that

L+ #T 4+ ¢ < 1T+ 0°#T +q — [LF - Qn(1 — (=1)"7") /2,
Thus equality holds, with n = u, mod 2. In particular, the support
of Hy, on R4 is a union of irreducible components (cf. Lemma 2.3 of
[Tay08]).

For each v € T, let C, be the unique component of RED or Rg’cr
containing (f’ o Tm)|GL§. Define a new deformation problem

' = (L/L* 17,07, "8, (RS hes, U TR e, )

There is a natural surjection R4 — R¥Y.

The hypotheses of the theorem imply that the closed point of R..[1/]]
induced by f’ is contained in a unique irreducible component, hence
the entirety of this irreducible component is contained in the support
of Hy. But the subset Spec R#" C Spec R, is contained in this
component. In particular,

Thus H @ guniv R¥V is a nearly faithful RE"-module, and the homo-

morphism REY — O induced by r actually factors through T% (U, O) .
This concludes the proof of the theorem. O

Corollary 6.9. We have i =n mod 2. Moreover, let 8" be the de-
formation problem defined in the proof above. Then with the hypotheses
of the theorem, R&™ is a finite O-algebra.

Proof. The proof actually shows that R&Y/.J is a quotient of the finite
O-algebra T% (U, O), for some nilpotent ideal J of RE"Y. Then REY/\
is an Artinian k-algebra, hence of finite length; now apply [Mat89],
Theorem 8.4. U

We suppose that all rings in the statement of the following lemma
are Noetherian.

Lemma 6.10. Let R — T be a surjective O-algebra homomorphism,
with T a finite O-algebra. Let H be a finite T-module. Fix positive
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integers t,q. Suppose that we have for each N > 1 a surjective ho-
momorphism Ry — Ty of Sy = O[(Z/INZ)9] algebras which reduces
to the homomorphism R — T on quotienting out by the augmentation
ideal. Let Hy be a finite Ty-module which is free of finite rank as an
Sn-module. Suppose that this rank is independent of N.

Let T = O[[x1, ..., xp2])], and let S = T|[y1, . .., yq4)]- Let R be an
O-algebra and suppose that Rn®oT, R®oT are RY algebras in such a
way that Ry&T — R®eT is a homomorphism of R*-algebras. Finally
suppose that each Ry®oT can be topologically generated over R* by
g generators. Let Ro, = RY[[z1,...,x,]]. Let a be the ideal of S
generated by the x; and y;. Then:

(i) There exists an Ro.-module H., which receives a commuting
action of Seo, and Hy/aHy = H, compatibly with the homo-
morphism RY — R®0T — R.

(ii) He is a finite free Ss-module.

(iii) The action of Soe on Hu, factors through the action of Ro

Proof. We do not prove this here but note that it can easily be extracted
from e.g. the proof of Theorem 3.6.1 of [BLGGI1I]. O

7. MINIMAL AUTOMORPHY LIFTING

Theorem 7.1. Let F' be an imaginary CM field with totally real subfield
F* and let ¢ be the non-trivial element of Gal(F/FT). Let n € Zx,
and let | be an odd prime. Let K C Q, denote a finite estension of Q
with ring of integers O, residue field k, and maximal ideal A. Let

p: Gp — GL,(O)

be a continuous representation and let p = p mod . Let p: Gp+ —
O be a continuous character. Suppose that (p, ) satisfy the following
properties:

(1) p° = pe " plgy.

ii) u(cy) is independent of v | oc.
(iii) p is ramified at only finitely many places.
(iv) p is absolutely irreducible and p(Gp()) C GL,(k) is adequate.
v) G ¢ F.
(vi) There is a continuous representatwn P Gp — GL,(0), a
continuous character j/ : Gp+ — O*, a RAEC’SDC automor-
phic representation (m,x) of GL,(Ap) which is potentially un-
ramified above 1 and v : Q, = C such that

(a) P ®o Q = 1, () : Gr — GL,(Q)).

() 1 ©0 Q) = riy(y).

©) (7.7) = (7, 70).
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(d) For all places v 1l of F, either
o m, and plg,, are both unramified, or
* Vlar, ~ plog,-
(e) For all places v | 1,0 |a,, ~ plap, -
Then (p, ) is automorphic. Moreover, if ™ has level prime to | and p
is crystalline, then (p, i) is automorphic of level prime to .

Proof. We use twisting and soluble base change to reduce the theorem
to Theorem , proved above. Let C' be the set of places of F'™ above
which p or 7 is ramified, together with the places of F'* dividing [.
After a soluble base change we can assume that each place of C splits
in F' and that p is crystalline and 7 has level prime to [. The final
sentence of the theorem will follow from the observation that in the
soluble extensions L/F below, we can take all primes of F' above [ to
split completely in L.

Let us suppose first that p =y = 5?,/F+. Let L/F be an imaginary
CM extension such that:

(i) L/F is soluble.

(ii) L is linearly disjoint with errp(g) over F.
(ifi) 4 divides [L* : F*].
(iv) L/L* is unramified at all finite places.

In particular, the hypotheses of Section [f] are satisfied. We write
G o, for the algebraic group constructed there. By Théoreme 5.4 and
Corollaire 5.3 of [Lab], there exists an automorphic representation IT of
G(Ap+) such that 7y, is a strong base change of II, in the terminology
of that paper.

Let v; be a place of L™ split in L, of residue characteristic not divid-
ing the order of any element of G(L™), and above which both p|s, and
7, are unramified. For a place w of L above v1, we have pf|q,. ~ pla,,
(since 7, is generic).

We let S, be the set of primes of LT above which 7, or p|g, are
ramified, along with the prime v;. Let S; be the set of places of LT
dividing [. Let "= S5, U S,, and choose for every v € T" a place v of L
above v. Denote the set of such places T'.

Choose an open compact subgroup U = [[, U, of G(A%,) satisfying
the following:

(i) U, = G(O+) ifv e S
(ii) U, = G(Op+) if v ¢ T is split in L.
(iii) U, is a hyperspecial maximal compact of G(L;}) if v is inert in
L.
(iv) U,, = Lgll Iwy (07).
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(v) TIY £ 0 for v € S,, v # vy.
Then for all t € G(A%},), the group ¢t 'G(L*)tNU is trivial (the addition
of the place v; ensures this). Let I; denote the set of embeddings

L — K giving rise to an element of 7. For 7 € fl , giving rise to v,
let A, € Z" be such that HT,(p'|¢, ) = {\rj + 71 — j}j=1...n. Then

A € (Z7)" defines a space of automorphic forms Sy(U, O), as in the
previous section.

The action of the Hecke operators T on the space (¢ 7*11°°)Y defines
a homomorphism TT (U, 0) — Q,. After extending K, we can suppose
that this homomorphism is valued in @. Let m be the maximal ideal
containing the kernel.

In the notation of the previous section, m is non-Eisenstein, so the
representation p'|¢, admits an extension to a continuous representation

Tm: G+ — Gu(k).

Since (; & L, Tu(Gpr+()) is adequate. After possibly extending K
again, p|e, admits an extension to a continuous representation

r: G+ — G,(0)

lifting 7y. In particular, r is a lifting of type S. Theorem now
applies, and then Lemma [1.2] shows that p is automorphic.

We now suppose that p,x are arbitrary and reduce to the case
treated above. By Lemma 4.1.4 of [CHT0§|, we can find a character
v AL/F* — C* of type Ap such that

Yo NF/F+ =Xo NF/F‘h

with ¢ unramified above [ and at all primes v where 7= and p are
unramified. Twisting both 7 and p, we can therefore assume that
X = 0F /e and 1 = 0 s (It is easy to see that this preserves the
hypotheses (d) and (e) above). Now let S be the set of primes of F'*
dividing [ or at which 7 or p are ramified. For each place v € S, choose
a place v of F' lying above it.

Applying Lemma 4.1.6 of [CHT08], we can find a character 0 : Gp —
@lx such that @ is trivial, u|g, = 60°, and such that for each v € S, 6
is unramified at v°. Since p is crystalline, 0 is crystalline at each prime
above [. Making a further soluble base change, we can suppose that 6
is also unramified outside S.

We now twist p by 6~ to reduce to the case where p = 5?,/F+, treated
above. Thus the proof of the theorem will be complete as soon as we
show that this preserves the hypotheses (d) and (e) above. For v € S,
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we have
Plop, ~ (0 @0 e, ~ (p®6 Y, -

(Use that € is unramified at v° and apply Lemma 3.4.2 of [BLGG11]).
Then we have

P, = (), 8~ (@075, 8= (80|,
The theorem follows. O

Remark. In many cases the hypothesis (d) can be weakened to the
following: for each v {1, either

® p|g,, and m, are both unramified, or
/
®p ‘GFU ~ IO‘GFU'

We explain this remark as follows. If p; ~ py and WV D(p,
recg () for some generic irreducible smooth representation m of GL,, (M)
over C, then in fact p; ~» po, as one can check that the generic fibre
of the local lifting ring is formally smooth at p; in this case. Thus one
can use the weaker hypothesis whenever local-global compatibility is
known to hold in this form for 7, at the place v. At the time of writing
this is known to be true, for example, when 7, becomes unramified
after a finite base change (cf. [Chel]) or when 7 has slightly regular
weight in the sense of [Shi.

)F—ss —

8. ORDINARY FORMS ON DEFINITE UNITARY GROUPS

We take up the assumptions of the beginning of Section [6] Thus
L/L" is an imaginary C'M field and G is a unitary group over O+, S,
is the set of places of L™ dividing [, and R is a set of places disjoint from
L*. We suppose that T is a set of places of L™ containing R U S;, and
that every place in T is split in L. We fix an open compact subgroup
U=1I,U..

We are going to follow [Ger| in recalling some constructions in Hida
theory and proving an R = T type result in the ordinary case. As such
we will briefly sketch the theory from op. cit., and refer the reader to
that paper for a more complete development. For integers 0 < b < ¢,
and v € S}, we consider the subgroup Iw(?*¢) C GL,(Oy_) defined as
those matrices which are congruent to an upper-triangular matrix mod-
ulo v° and congruent to a unipotent upper-triangular matrix modulo
o’ We set U(1") = U' x [],cq, TW(@"°).

We define some additional Hecke operators at the places dividing [
on the spaces Sy {1 (U(1¢), A). Let v be a place of LT dividing [, and
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let @y be a uniformizer of Lz. We have an n X n matrix

o = diag(wy, ..., @5 1,...,1).
v W
J
We set |
Uy = (woN) (o) [U(P)i5 (o JU ()]

We refer to [Ger], Section 2.2 for the definition of the character wpA.
If w e T(OL,) then we write
(u) = [U(C)z (w)U ()] .

It is proved in [Ger| that for any O-module A, these operators act on
the spaces S) (3 (U(I¢), A) and commute with the inclusions

Sx o (U(179),0) € Sy (U(1P), 0),

when b < b and ¢ < ¢. We write T)\{ }(U([b7c),A) for the O-
subalgebra of Endo (S {y,}(U, A)) generated by the operators T and
(T!)~! as above and all the operators (u) for

ueT OL+Z HT L+
vES]

With these identifications, the operators (u) endow each Hecke algebra
TS oy (U (1), A) with the structure of algebra for the completed group
ring
AT = O[[T(Or+,)]]
and for its subring
A =O[[T0)]],

where T'(I) is defined by the exact sequence
0 - T([) - H’UESZ T<OL;~,—) - H’UESZ k(v)x —— O

We have the ordinary idempotent e = lim, ., U(I)", where we set

S

veS; j=1
Definition 8.1. We define the ordinary Hecke algebra

TY ey (U(19), A) = eT5 (U (), A).

FEquivalently, Tff;‘j}(U([b’c), A) is the image of T} xe }(U([b’c), A) in the
algebra of O-endomorphisms of the space

ST U(€), A) = €S (1,1 (U(179), A).
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We also consider the space

S ixe} (U(I7), K/O) = lim S, (3 (U (1), K/O),

which receives a faithful action of the algebra

T} () (U (), K/O) = im T}, (U(1°), K/O).

We recall (|[Ger], Lemma 2.4.7) that this algebra is naturally isomorphic
to

L (U(), 0) = I T, (U (19), O).

C

Finally we can apply the idempotent e to these spaces, in which case
we decorate them with ‘ord’ superscripts.

Proposition 8.2. Suppose that for allt € G(A.), the group
tIGLYHYtNU
contains no element of order I. Then Sf\’fflxv}(U([oo),K/(’))V is a free
A-module of rank
r = dimy, SYP L, (U(H),F).

Proof. The proof is the same as that of Proposition 2.5.3 of [Ger],
but references to Lemma 2.2.6 of that paper should be replaced with
references to Lemma [6.3] above. O

The following is Definition 2.6.2 of |Ger].

Definition 8.3. We define a homomorphism T'(I) — Ta’{ogf}(U([w), 0)*
by

U — HHT(ui)l_i (u).

rel; =1

This gives rise to an O-algebra homomorphism A — Tg’{";f}(U([oo), 0),
and we write

T (U (1), 0)

for the Ta’f;f}(U([m), ), endowed with this A-algebra structure. This

is the universal ordinary Hecke algebra of level U.
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Galois representations. The following proposition is proved in ex-
actly the same way as Proposition

Proposition 8.4. Let m be a mazimal ideal ofTOT{OTd}(U([OO), O). Then

there 1s a unique continuous semisimple representation

T : G — GL, (T 7H(U(1),0) /m)

such that:
(i) 76, 270 (1 —n).
(i) 7w s unramified outside T'. For all v ¢ T splitting in L as
v = ww°, the characteristic polynomial of T (Frob,,) is

X4 4 ( ) (NUJ) (G- 1)/2T] X" J 4+ (_1)n(Nw)n(n—1)/2T£

We will fix henceforth a maximal ideal m such that 7, is absolutely
irreducible. The following is proved in exactly the same way as Propo-

sition

Proposition 8.5. In this case 7, admits an extension to a continuous
homomorphism

T : G — Gu(TH(U(17),0) /m),
with the property that 77 (GL, x GLy(TL (U (1), 0) /m)) = G, and

{xv}
voT = €'~ "5Z7L+, for some pw € Z/27. Moreover, T, admits a con-

tinuous lift, unique up to conjugacy, to a representation

w: Gre — Gu(TE(U(19), 0) )

satisfying the following:
(i) If v € T is a finite place of Lt which splits as ww® in L, then
T'm 18 unramified at w and w°, and ro(Froby,) has characteristic
polynomial

X" oo (—1) (Nw) (3-1) /QTJXH Jp 4 (—1)”(Nw)n(n_1)/2T£.

(i) If v is a finite place of L™ inert in L, and U, is a hyperspecial
mazimal compact subgroup of G(LY), then ry is unramified at
v.

(iii) Suppose that if v € R then U, = 15" Iw(?). Then for every
o € I, we have

char, ) (X H X Xy] ArtL (o )))
J=1
(iv) vory =€~ L
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Another patching argument. We specialize to the case where T =
R U S, U{wv}, for some place v; of LT split in L. We will assume the
following:

(i) For each each v € RU S}, Tn(G,) is trivial.
(ii) For each v € R, Nu =1 mod [, and that if {V||(Nv — 1) then
IN > n and O contains an (IV)™ root of unity.
(iii) T is unramified above vy, and Nv; 1 mod [.
(iv) For each v € R, the characters xy1,...,Xvn @ Op — O
become trivial after reduction modulo A.

We now specify our open compact subgroup U as follows:

(i) U, = G(Op+) ifv e S
(ii) Uy = G(Op+) if v € T is split in L.
(iii) U, is a hyperspecial maximal compact of G(L;}) if v is inert in
L.
(iv) U, = Iw(v) for v € R.
(v) Uy, = Iw(vy).

Then for all ¢ € G(A), the group t'G(L")t N U contains no ele-
ment of order [ (by the choice of v;). Let m = my} be a non-Eisenstein
maximal ideal of T{Ti(}frd(U (1°°), O). Using that the x, are trivial modulo
A, we can identify the spaces

Sortnny (U(12), k) = S, (U (1%), k).
Thus we get a maximal ideal my,,y of the algebra ']I'{Tgrf (U (1), O).

We will define a deformation problem, by giving the local lifting ring
R, corresponding to a local deformation problem D, for each v € T'. We
are going to consider liftings to the category C, of complete Noetherian
local A-algebras with residue field k, instead of the category Co used
above. See [Ger], Definition 4.1.3. This is a minor technical point
which will not appear again, so we make no further mention of it.

For v € R, let R, = RX. For v € S, we will take R, = R"™. We
take R, = Rg . (See Section [3|for the definitions of these quotients).

We now have a deformation problem &y, given by the tuple

(L/L+a T7 Ta A7 Fm{Xv} ) 61_n557L+7 {Rg}UER U {Rf;ﬂ}vesl U {R%l }) .

Wt .~ (Bc) B (B 1) Bty Uit
ural isomorphism @veglAg >~ A, we see that R%{‘;fv} is naturally a A-
algebra.
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Theorem 8.6. With assumptions as above, the lifting
Ty - Gre = g”(T{Tﬁd(U([OOL Omry)

defined above is of type Sgy,y. Suppose moreover that Tw(Gr+()) 5
adequate. Let r : G+ — G,(O) be a lifting of Tw of type Sg1y, which
is unramified above vy. Suppose there exists a homomorphism f’ :

T{Tit}yrd(U([m)a O)m — O such that (f' ory) is unramified above v;.
Then there exists a second homomorphism f : T{Tl’(}”d(U([oo),(’))m —

O such that r and f o ry are conjugate by an element of GL,(O).

Proof. That ra , is of type S,y is Lemma 4.1.7 of [Ger]. To prove
the above theorem we will apply the Taylor-Wiles-Kisin method in a
similar manner to before. Let

g =[LT:Qn(n—1)/2+[L" : Qn(l — (=1)""")/2.

We can fix for every N > 1 a tuple (Qu, Qn, {5 }veqy) such that

o #(Qy = q for all N.
e Nuv=1 mod !V for all v € Qu.
. ]
e The ring Rs{fw
by
g=q—q=q—[LT:Qn(n—1)/2+[LT: QIn(l — (=1)*"")/2
elements.

e 15 is a subrepresentation of 7|GL5 of dimension dy;.

This can be deduced from Proposition just as Proposition 4.2.1 of
op. cit. is deduced from Proposition 2.5.9 of [CHT08]. For each v, N >
1, let p?\,,pi}m be the parahoric subgroup of GL,,(Op,) corresponding
to the partition n = (n — d¥;) + dY, as defined previously. We let

Ui(Qn) = HUl(QN)v> Us(@Qn) = H Uo(@n)o

can be topologically generated over R{&CU}

1eON

be the compact open subgroups of G(A%,) with U;(Qn) = U, for v &
Qn, U1(Qn) = 15 'p% 1, Uo(Qn) = 15 'p% for v € Qn.
We have natural maps

Ty 9 (U1 (Qn) (1), 0) — T 9 (Up(Qn) (1), O)

T ;ord 00 T,ord o0
- T{;C]%N (U(r=),0) — T{XU} (U(r=),0).
The first two arrows are surjective, the last is injective. Thus my,
determines maximal ideals denoted Mgy, }.0n s M{xo1.0n > Mixw} My} Of
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these four algebras. After localizing at my,,} the last map is an iso-
morphism, since 7y, is absolutely irreducible (cf. the proof of [CHTO0S],
Corollary 3.4.5). We set Ty} = T{Txorf(U([oo), Oy

For each v € Qu, let ¢35 € G, be a Frobenius lift and let wy be

the uniformizer with Art;_ wy; = ¢g| 7ab. In Proposition we have

defined a projection operator pr_,_ for each v € Qx. For each a € Ofﬁ,
we have the Hecke operator V, defined above.

Let Ag, = Up(Qn)/U1(Qn). Let ag, denote the kernel of the aug-
mentation map A[Ag,] — A. For i = 0,1, let H; g, be defined by

Z {Xv} QN — ( H prm“ S[())IFXU}(UZ(QN>([OO)’ K/O)m{XU},QN7

veEQN

where (—)" = Homp(—, K/O) denotes Pontryagin dual. Let T; ry.}.0x
denote the image of ’]TTUQN U U(QN) (1), 0) in Endp (H 3.0y ). Sim-
ilarly we define Hy,, ) by

HE/Xv} = SS,I?XU}(U<[OO)7 K/O)

We claim that the following hold:
(i) For each N, the map

\%
< H prwg) : HO,{X1/}7QN - H{XU}

vEQN

Mixe QN *

is an isomorphism.
(ii) For each N, Hi 1y,},05 is free over A[Ag,] with

Hyy0n /9w = Hogn)on
the isomorphism induced by restriction.
(iii) For each N and for each v € Qu, there is a character V; :
Op. — T )0y Such that

(a ) for any o, V,, = V(o) on Hy y,1.0n-

(b) (rmpyon @ Tipwron)le,, = s @ ¢ with s unramified,
lifting 53, 9 lifting 15, and | 1, acting as the scalar char-
acter V5o Art;ﬁ1 |1y, -

These are proved as in Lemma 4.2.2 of [Ger], by passing to the limit
from corresponding facts in the finite level case and using Proposition

B2l above.
For each N, the lift rm , o ® Ti )0y 18 of type Spy,}0y and

gives rise to a surjection R“mv — Ti {x,},0y- Thinking of Ag, as

xvh QN
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the maximal [-power order quotient of HvEQN I, we obtain a homo-

};?iv} o )* as follows: for each v € @y, decompose
Xv &N

lc, = s®1 and take a diagonal entry of ¢ in some basis. This

morphism Ag, — (
univ
S{Xv},QN . .

does not depend on the choice of basis.

i i O
We thus have homomorphisms A[{Ag, | — R&Y — RZT
p [ QN] S{Xv}vQN S{XU}?QN

: : univ ~ univ Ur ~
natural isomorphisms RS{XU},QN/C‘QN = RS{XU} and RS{XU},QN/CLQN =
univ

Moreover, this makes the maps Rg
{xv},.QnN

and

S{XU}' - Tl:{XU}aQN 1nto

homomorphisms of A[Ag, |-algebras.

At this point we apply a patching argument, for the details of which
we refer to the proof of Theorem 4.3.1 of [Ger]. For each v € R, we
choose a character x, = Xy1 X -+ X Xy, such that the y, ; are all
distinct (this can be done since we assumed that IV||Nv — 1 = Y > n
for each v € R). We define the following rings:

T = O[[$1,...7$n2#T]]
A, = Z}
Seo = ABOT[[Ax]]
‘:’ ocC
Ry = Ri{m}[[yb LY
R = BV, Yy

a = ker(Syx — A).
After patching, one is given the following:

(i) Surjective homomorphisms

O univ O univ
Ry = g,y and By oo = Hsgy-
(ii) Modules HlD,{xu},oo for R{DXTU}M and HE{l}voo for R{DlT}po.

(iii) Commuting actions of S, on these modules, such that they
become free of finite rank over S..

These satisty the following:
(i) The S, actions factor through the respective R{D;U}po and
11%{D1T}7OO actions.
(ii) There are isomorphisms

m ~
Hiy 30/ = Hiy,y
O ~
H1,{1},oo/a = Hyy
compatible with the homomorphisms R{D)z;},oo — RV

O univ
T{Xv} and R{S’OO — RS{l} — T{l}.
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(iii) After modding out by A, the objects decorated with {x,} can
be identified with the objects decorated with {1}, and the var-
ious maps between them are then the same.

As in the proof of Theorem [6.8] we deduce that pm = n mod 2 and
that for every minimal prime () of A, the support of HF{XU} /@ in

Spec RYr Oeo oo /@ is a union of irreducible components. The same state-

ment holds for the support of HE{1},OO/Q in Spec R{Df}: /@
By Lemma 3.3 of [BLGHT11], giving an irreducible component C of
R{Xv} o O R{ o I8 the same as giving an irreducible component C,

of the local hftlng ring R, for each v € T. We will write suggestively
C = ®,C,.
Take a minimal prime @) of A, and consider R{ij;} o/ Q. It satisfies:

(i) Every generic point of Spec R{DXTU}’OO /@ has characteristic 0.

(ii) For each v # vy, R, is irreducible. In particular, there is
a bijection between the irreducible components of R{x }oo /Q
and the irreducible components of R,,.

On the other hand, R{Dl} /@ satisfies the following properties:

(i) Every generic point of Spec R{DlT} /@ has characteristic 0.

(ii) Every prime of R{DIT} ../@ minimal over A contains a unique
minimal prime.
Justification for the fact that the individual factors of Rl‘;fv} and Rl{of}
have the relevant properties has been given in Section One now
just needs to know that they are preserved under completed tensor
products, and this is the content of Lemma 3.3 of [BLGHTTI].
We now argue as follows. Using the existence of f, we see that
Supp R{DT} Hlm{l} contains an irreducible component C = ®,C, with

Cy, = C], where CJ" is the irreducible component of Rg which classifies
unramlﬁed liftings. (The local component at v; is generic).
Using the identification modulo A, we see that

SuppR{mﬁ}m/ Hl Axo}s 2

contains an irreducible component ®,C, of Spec R{D;;} /A with Co, =

C. ., in the obvious notation. Using the properties (1) and (2) of

v1?
Spec R{x }oo above, we see that SuppR?XTv},oo 1"-1151{)@}7OO

reducible component C; = ®,C, with C, = C;7. (Here we use the
following property of R : every prime of R minimal over A contains
a unique minimal prime.)

contains an ir-
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Applying the identification modulo A in the opposite direction, we
find that

SuppR‘{:'lT}"OO/A Hll:,l{l},oo/)\

contains every irreducible component C' = ®va; with E; L= EZ: Now
applying properties (1) and (2) of Spec R{1} above, we deduce that
for every minimal prime @) of A, Supp RDT _a HUY {1} .00 /@ contains every

irreducible component " = ®,C, Wlth C” =Cy.
Now consider the deformation problem

Sty = (DL T T, A Ty €707, AR huen U RS hoes, U{RED})

As in the proof of Theorem (6.8 we see that Hj, ® Runiv R¥™ is a nearly
S{1} {1}

faithful Ru“‘V—module hence the homomorphism R‘"{”Z — O induced

by r/ actually factors through Tyy. (Recall that Ty is reduced). This
concludes the proof of the theorem. O

Corollary 8.7. With the hypotheses of the theorem, g?“}’ s a finite
1
A-module.

Proof. This is proved in exactly the same way as Corollary using
that Ty} is a finite A-algebra. O

9. ORDINARY AUTOMORPHY LIFTING

Theorem 9.1. Let F' be an imaginary CM field with totally real subfield
F* and let ¢ be the non-trivial element of Gal(F/FT). Let n € Zx>,
and let [ be an odd prime. Let K C Q,; denote a finite estension of Q
with ring of integers O, residue field k and mazimal ideal \. Let

p: Grp — GL,(O)

be a continuous representation and let p = p mod \. Let pu: Gp+ —
O be a continuous character. Suppose that p satisfies the following
properties:

(1> pc Np\/ 1- n/'l’|GF
u(cv) is mdependent ofv | oc.
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(vii) There is a continuous representation p' : Gp — GL,(O), a
continuous character yi' : Gp+ — O*, a RAECSDC automor-
phic representation (m,x) of GL,(Ar) and ¢ : Q, = C such
that

(b) 1 ®0 Q= 11, (x).

() (3.70) = (7. 7).

(d) 7 is t-ordinary at all places dividing .
Then p is ordinarily automorphic. If moreover p is crystalline (resp.
potentially crystalline) at each place of F' above | then p is ordinarily
automorphic of level prime to I (resp. of level potentially prime to l).

Proof. As in the proof of Theorem [7.1] we reduce to the case that
X=p=10% o The reduction of the theorem in this case to Theorem
proved above, is analogous to the reduction of Theorem 5.3.2 of
[Ger] to Theorem 4.3.1 of that paper. The only changes are as follows.
First, instead of introducing the places S,, one chooses a place v of F'™
split in F such that Nv Z 1 mod [ and such that both p and 7 are
unramified above v. After making a soluble base change one takes the
place vy of Theorem to be a place of L above v. The choice of U,,
there ensures that for all ¢ € G(A%), the group ¢ 'G(L1)tNU contains
no element of order [. Second, one has to ensure that if IV||(Nv — 1)
then IV > n at the primes at which p or 7 ramify. (The final sentence
of the theorem requires a fixed weight version of Theorem [8.6] as in
Theorem 4.3.1 of [Ger]. The modifications that one must make to the
proof in this case are analogous and slightly simpler to those made for
the variable weight version, so we omit them here). U

10. FINITENESS THEOREMS

Let F be an imaginary CM field with totally real subfield F'*, and
let [ be an odd prime. Let S be a finite set of places of F'T, each of
which splits in F', and containing all of the places above [, and let S
be a set of places of F' containing exactly one place above each place
of S. Let K be a finite extension of Q;, contained in Q,, with ring of
integers O and residue field k. Fix an isomorphism ¢ : Q; = C.

A minimal finiteness theorem. Let (7, x) be a RAECSDC auto-
morphic representation of GL,(Ag) of weight ¢, A, unramified outside
S. Let p: Gp — GL,(O) be a continuous representation with r; ,(m) =
p @0 Q. Let u be a character Gp+ — O with 7,(x) = p ®0 Q.
Suppose that p is absolutely irreducible, and let 7 be an extension to
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a representation
7:Gp+ — Gu(k)
with v o7 = [ie'™"d%, oy for some x € Z/2Z. For each v € S, fix an

irreducible component C, of R»? if vtlor R%’Cr
lies on no other irreducible component.

We consider the global deformation problem

8 - (F/F+7 Sa §7 (97?7 Mel_n(sg‘/}?‘-ﬁ-, {Rgv }DES,UH U {Rgcv}ves,vﬂ) .

if v | I such that p|g,

Theorem 10.1. With hypotheses as above, suppose further that the
group p(Gr()) is adequate and that ( ¢ F. Then k = 0 and RE™ is
a finite O-module.

Proof. After twisting as in the proof of Theorem [7.1], we can assume
that x = 0% o Let L/F be an imaginary CM extension such that:

(i) L/F is Galois and soluble.
(ii) L is linearly disjoint with errp(g) over F.
(iii) 4 divides [L* : F).
(iv) L/LT is unramified at all finite places.
(v) Each place of S splits completely in L*.

In particular, the hypotheses of section 6 are satisfied and we are given
a unitary group G0 , . There exists an automorphic representation II
of G(Ap+) such that 7 is a strong base change of I, in the sense of
[Lab].

Let SE, SE denote the sets of places of LT above S; and S,., respec-
tively, and let glL and §TL be defined analogously. Choose a place v; of
L7 split in L at which 7 is unramified, and such that the residue charac-
teristic of v; does not divide the order of any element of G(L™). Let v;
we a place of L above vy. Let T = SLUSEU{v, }, and T = SEUSLU{®, }.
We define one further deformation problem S* by the tuple

<L/L+7 T? T? OJ F|GL+ b 51_n527£+7 {Rg’cv }UESZL U {R%v }WGSf’ U {R%:}> .

(Since every prime of S splits in L™, the components C, for v € S we
chose induce components of the lifting rings for v € Sy, in a natural
manner). There is a natural homomorphism Rg¥ — REY, given by
restriction of the universal deformation. The argument of Lemma 3.2.5
of [GG] shows that this homomorphism is in fact finite, so it suffices to
show that R%}"™ is a finite O-algebra.

Let U =[], U, be the open compact subgroup of G(AY,) defined as

follows:

(i) U, = G(O4) if v € SE.
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(ii) Uy = G(Op+) if v € T is split in L.

(iii) U, is a hyperspecial maximal compact of G(L;") if v is inert in
L.

(iv) IIY» # 0 for v € SE.

(V) le = L»Ell IWl(/’(\J/l)

Let I, be the set of embeddings L — K giving rise to a place of g’lL )
Define an element A\, € (Z7)" by Ar, = Ay, Then (. 'II%)Y # 0,
and the action of T} (U, O) on (v 'TI*°)Y gives rise to a homomorphism
TfL(U, 0) — Q. After possibly extending K, we can suppose that
this homomorphism takes values in . Let m be the maximal ideal
contained in the kernel of this homomorphism. We can suppose that
the representation T : G+ — Gn(k) is equal to 7|g+. (Note that their
restrictions to GG, are already isomorphic, so this is a matter of choosing
the correct extension of 7, to G,,. See Lemma 2.1.4 of [CHTO0g]|).

The hypotheses of Theorem and its corollary now apply, and the
result follows. O

An ordinary finiteness theorem. Let (7, y) be a RAECSDC au-
tomorphic representation of GL,(Ar), unramified outside S and ¢~
ordinary. Let p : Gg — GL,(O) be a continuous representation with
11.(7) =2 p®p Q. Let 1 : Gp+ — O be a de Rham character with
1 = T71,(x). Suppose that p is absolutely irreducible, and let 7 be an
extension to a representation

with v o7 = fie! "0} 1, for some x € Z/2Z. Note that HT, (1) = {w}

is independent of 7 : F* — K. Choose \ € (Zi)gom(ﬂ@)_
We have the global deformation problem

S = (F/F+7 S7 §7 07 Fa Mel_nég/}?‘+7 {RE}UES,'M(Z U {RA’SS_Ord}UGS,UU) .

v

(We use R»ﬁD here to denote the unrestricted lifting ring at the places in
S not dividing 7).

Theorem 10.2. With hypotheses as above, suppose further that the
group p(Gr()) is adequate and that (G ¢ F. Then k = 0 and RE™ is
a finite O-module.

Proof. As in the proof of Theorem [7.1], we can reduce to the case where
X = p = 0% /s €XCept that after twisting 7 may be ramified outside

S. Choose an imaginary CM extension L/F' such that
(i) L/F is Galois and soluble.
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Iwahori fixed vector at all finite places of L.

(vii) For each place v of L lying above S, 7|q, is trivial.

(viii) If v 1 [ is a place of L above S then Nv = 1 mod [, and if
IV||Nv — 1 then IV > n.

Let 51, denote the set of places of LT lying above a place of S, and define
Sy, analogously. For each place v 11 in Sy, there exists a finite extension
M of Lz such that for any lift 7 of 7°|GL , 7‘|GI acts unipotently. We

can find a soluble CM extension M /L such that M satisfies all the
properties above, and the following:

e Let w be a place of M above a place v of Sy. Then Mg D M.

Choose an auxiliary prime v; of M™, split in M, such that Iw(v;)
contains no elements of order I. Let Sy, be the set of places of M™
above S, and let T = S U {v;}. Choose a place v; of M above vy,
and define Sy, and T similarly. We now define two global deformation
problems

1 n5n+n
et € M/M+>

S/]\w = (M/MJraTafaO;HG

{R%}UESM,U'H U {R%M’SS-Ord}'UGSAj,”Ull U R%f) .

and

1 TL(SIH—H
M+’ Mﬂw+7

SM — (M/M+,T, T, A, 7e

{R%;'}UESIM,’UTZ U {ngaT‘}’vesM,v” U R%:) .

By construction, there is a map R‘m‘V — R¥V given by restriction of

the universal deformation, and the argument of Lemma 3.2.5 of [GG]
shows that it is finite. Thus it suffices to show that Rgy" is a finite
A

O-algebra.
Let x* : A — O be the O-algebra homomorphism induced by the
tuple of characters (x1,...,Xxn) given by

Xi Ut H T(u)l_i+>\]VI,T,n—i+1'

T M—K
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Let @y denote the kernel of Y*. Then RYY is a quotient of R‘“Sr}\}v XA

Sy

A/py. But Corollary shows that R%Y is a finite A-module, and the

SM

result follows. O
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